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Abstract

This paper studies optimal monetary policy rules by the central
bank confronted by foreign investors' state-dependent reactions and
self-ful�lling expectations. We extend Taylor type monetary policy
rules by allowing the central bank to give some weight to the level
of precautionary foreign reserve balancesas one of its targets. We
show that a currency crisis scenariocan easily be created when the
weight is zero, and it can be avoided when the weight is positive.
The impacts of the central bank's monetary control on the output
level, the in
ation rate, the exchange rate, and the foreign reserve
level are investigated as well. In solving our model variants we apply
both the Hamiltonian as well as the Hamilton-Jacobi-Bellman (HJB)
equation, the latter leading to a dynamic programming formulation
of the problem. The 
exible use of both the Hamiltonian as well as
dynamic programming allows us to exploresafedomainsof attractions
in a variety of complicated model variants. Given the uncertainties
the central banks face,we also show of how central banks can enlarge
safedomains of attraction.
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1 In tro duction

Many central banks around the world have reacted to the Asian �nancial
crisis by building up large precautionary reserve balances.By incorporating
a currency crisis scenariointo a linear-quadratic monetary control problem,
we study Taylor type monetary policy rules that allow for foreign reserve
targets. We show that an anticipation of a depreciationof the domesticcur-
rency causesa decreasein the central bank's foreign reserves. Additionally ,
whenforeigninvestorsobservea shortageof foreignreserves,this may trigger
a panic causedby the fearof a termination of the currencyconversionand in-
creasesa risk premium of the currency. A sharpdepreciationof the currency
givesincentiv esto foreign investorsto pull their funds out of the country as
quickly as possible. The prediction therefore becomesself-ful�lling. 1 This
can causesa scenarioknown as a currency crisis. On the other hand, this
particular type of currencyrun may not becomesoextremewhenthe central
bank hasenoughreserves. 2 This paper studiesoptimal monetarypolicy rules
by the central bank confronted by such foreign investors'state-dependent re-
actionsand self-ful�lling expectations. Wepresumethat the monetarypolicy
rules may alsodepend on the weight that the central bank givesto the level
of precautionaryforeignreservebalancesasoneof its targets. The model can
exhibit multiple steady states. The impacts of the central bank's monetary
control on the output level, the in
ation rate, the exchangerate, and the for-
eign reserve level are investigatedas well. In solving our model variants we
apply both the Hamiltonian as well as the Hamilton-Jacobi-Bellman(HJB)
equation leading to a dynamic programming algorithm. The 
exible useof
both the Hamiltonian as well as dynamic programming allows us to explore
a variety of model variants.

The remainder of the paper is organizedas follows. Section 2 provides
someempirical backgroundsof our paper. Section3 introducesthe monetary
policy model. In Section4 we explore the stabilization e�ects of monetary
policy when the central bank disregardsthe reservesin the welfare function.
Sections5 and 6 include the control of the foreign reserves as one of its
targets.

1For more speci�cations of this mechanism, seeKrugman (1979, 2000) and Aghion et
al. (2000).

2Of course,credit lines from the IMF will also reducecurrency runs.
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2 Currency Crises and the Aftermath

Financial liberalization as well the introduction of 
oating exchange rates
has actively been pursued by many governments since the 1980s. Yet, at
the sametime in the last twenty years, many countries have experienced
major episodes of currency crisis and �nancial instabilit y, sometimes with
devastating e�ects on economicactivit y. The major examplesare the Mex-
ican (1994) and the Asian (1997-1998)currency and �nancial crises,where
the liberalization of �nancial markets has led to a currency crisis, sudden
reversalof capital 
o ws followed by �nancial bankruptcieswith consequently
declining economicactivit y and large output losses.3

The stylized facts, illustrating the causesand consequencesof currency
and �nancial crises,are usually consideredas the following ones.4

1. Before the currency crisis there is a deterioration of balance sheets
of the economicunits (households,�rms, banks, the government and
the country). The current account de�cit to GDP ratio risesand the
external debt to reserve ratio rises.

2. The crisis is triggered by a suddenreversal of capital 
o ws and unex-
pected depreciation of the currency. Domestic interest rates usually
jump up (partly initiated by central bank policy). Subsequently stock
prices fall and a banking crisis occurs with large loan lossesby banks
and subsequent contraction of credit (sometimesmoderated by a bail
out of failing banksby the government).

3. The subsequent �nancial crisis frequently entails a large output loss
due to large scalebankruptcies of �rms and �nancial institutions and
the decreaseof investment and consumptionspending.

Yet, after the experienceof those shocks countries have becomemore
cautious. In particular, thosecountries that wereheavily exposedto currency
and �nancial crises,have attempted to build up largeprecautionarycurrency
reserves.

3For details, see Krugman (1979, 2000), Flaschel and Semmler (2003) and Stiglitz
(2002).

4For details, seeKaminsky and Reinhart (1999).
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Table 1 illustrates this tendency for somecountries and regions.5 After
the �nancial crisis, emergingmarkets in particular in the Far East including
China, Indonesia, South Korea, Malaysia, Philippine, and Thailand, have
built up large stockpiles of international reserves. Aizenman and Marion
(2002) conducteda detailed statistical analysisusing panel data of 122 de-
velopingcountries and concludedthat East Asian marketshavechangedtheir
behavior in terms of holding foreignexchangereservesafter the currencyand
�nancial crisesoccurring in East Asia.

industrial developing Africa Asia Europe Middle East Western
(developing)

1994 50.5 49.5 1.9 30.5 3.6 5.3 8.3
2002 39.6 60.4 2.9 38.5 7.1 5.7 6.7

Table 1: Change of the share of world reserves 1994-2002,in percentage
(reservesminus gold)

As table 1 demonstratesthe increasein reserveshasparticularly occurred in
developing countries and East Asia. Table 2 shows the increaseof reserve
holdings since1997for particularly East Asian countries.6

China Taiwan HongKong South Korea Singapore
1997 16 32 52 3 72
2001/2 16 44 67 25 88

Table 2: Increaseof international reserve holdings since1997as percentage
of GDP (reservesminus Gold)

Both tables 1 and 2 clearly illustrate the attempt of the a�ected countries
to build up are precautionary international reserves in order to withstand
currency runs and currency crises.

Moreover, as the work by Aizenman and Turnovsky (2002) shows suf-
�cien t international reservesof a country that is an extensive international
borrower canserveasa collateral for the creditor who want to secureinterna-
tional loans. The increaseof reservesin heavily borrowing countries reduces

5The data are taken from Aizenman and Marion (2002, appendix).
6The data are taken from Aizenman and Marion (2002, appendix).
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default risk and may raisethe welfareof both the high incomelending coun-
tries as well as the emergingmarket economies.7

In the subsequent sectionsof our paper we will study the dynamics of
foreign currency reserves for macro economiesof emerging markets when
the monetary authority has becomeaware of those intricate issuesas above
discussedand attempts to control the reservesin the context of a monetary
policy control model wheremonetary policy rulesof Taylor type are pursued
by the monetary authority.

3 A Monetary Policy Mo del

Next, we present a model for a representativ e country that pursuesa mon-
etary policy in an open economy. First, we presumethat the central bank
has two target variables: the in
ation rate and the output level. We assume
that those can be indirectly a�ected by the central bank through control-
ling the short-term nominal interest rate. The central bank's objective is to
minimize a social welfarelossan economy deviating from thosetarget levels.
The social welfare lossis computedas:

L =
Z 1

0
e� r t [

� 1

2
(� � � � )2 +

� 2

2
(y � y� )2]dt (1)

where � is the in
ation rate, y is the output level, � � and y� are those
target levelsrespectively. The weights � 1 and � 2 measurethe relative impor-
tance of thosetarget variables.

The economy is assumedto be represented by the following macroeco-
nomic relationships:

y = � � � (i � � e) + X (ee); X 0(ee) > 0 (2)

� = � e + � (y � y� ) (3)

_ee = i � i f � � (i � i f ; R); � i � i f > 0; � R < 0 (4)

7Of course, recently monetary authorities of some of the East Asian countries have
bought up foreign currenciesin order to stabilize their currenciesand to keeptheir export
markets 
ourishing.
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whereee is the expectedexchangerate of domestic for foreign currency.
An increasein ee meansan anticipation of depreciationof the domesticcur-
rency. Equ. (2) represents an IS relationship. The real interest rate nega-
tiv ely a�ects the �rm's investment decisions.� and � are positive constants.
X is the net imports which positively reacts to the depreciation of the ex-
pected exchangerate. Equ. (3) is a Phillips curve. The domestic in
ation
rate � is positively correlated with the deviation from the natural output
(or NAIRU) level yn . In the current version we neglect the open economy
component in the Phillips-curve.8 For simplicity, we assumethat the policy
maker setsy� = yn . In our most simplest variant we alsopresumethat � e is
a constant.9

The interest rate parity condition (4) is assumedto consistof two factors:
the uncovered interest rate parity where i is the domestic risklessrate and
i f is the foreign risklessrate, and � is a risk premium which compensates
the agents for the uncertain risk.10 It is commonly recognizedthat there are
two typesof risk factors; exchangerate risk and country risk. The volatilit y
of the exchangerate causesexchangerate risk. High volatilit y brings about
high uncertainty, therefore a high risk premium. Therefore, the �rst factor
in � is i � i f that capturesthe volatilit y of the exchangerate. Country risk
is the possibility of lossesrelated to foreign �nancial instruments. We think
that the central bank's foreign reserve accumulation is oneof the key factors
that a�ects country risk.

As above shown the currency runs in the concernedcountries created
for the central banks a seriousshortageof foreign currency reserves. When
foreign investorsobserve a shortageof foreign reserves, there is a high risk
of staying in the domesticcurrency. Investorshave to account for a possible
rapid depreciation of the currency in the future. The secondfactor in � is
thus R that capturescountry risk.

The currency reserve dynamicsin our model can be written as

_R = X (ee) + F (ee; R); Fee < 0, FR > 0 (5)

where
8For including the a�ect of the exchangerate in the Phillips-curve, seeBall (1999) and

Flaschel, Gong and Semmler(2005).
9This assumption will be relaxed in the numerical exploration of our model, using

dynamic programming.
10For details of such risk premium, seeEvans and Lyons (2005).
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F (ee; R) = n(ee) � z(ee; R); j 0(ee) < 0; zee > 0; zR < 0 (6)

The �rst term tells us that an increasein net imports will bring more
foreign currency reserves. The term F (ee; R) captures the net in
o w of �-
nancial funds that also causesan increasein currency reserves. Equ. (6)
simply shows that the net in
o w is equal to the in
o w n minus the out
o w
z.11 While n is a function of ee only, z is a function of two factors: ee and R.
The reasonwhy investorsgive weight to foreign reservesin their decisionof
pulling their funds out is somewhatrelated to investors' psychology. Since
they understandthat a seriousshortageof foreign reservesmay bring about
a panic causedby the fear of a rapid depreciation of the currency, foreign
investorswill show a more sensitive reaction, in caseof lower reserves,to an
anticipated depreciationof the domesticcurrency. In short, equ. (6) tells us
that investors' reaction is state-dependent.

Usingthe IS andPhillips relationships,the welfarelosscanberewritten in
terms of two state variablesee and R, and a control variable i . Therefore,the
problem for the policy maker will be to minimize the following lossfunction:

M in
i

L =
Z 1

0
e� r t [

� 1

2
(� e + � (� � � (i � � e) + X (ee) � y� ) � � � )2 (7)

+
� 2

2
(� � � (i � � e) + X (ee) � y� )2]dt

s.t. to equ. (4), equ. (5) and the

boundary conditions for ee and R. (8)

The current value Hamiltonian of this problem is

11In the short-run, the out
o w and the in
o w of the foreign currency due to �nancial
investments dependson the di�erence of the domestic and the rest of the world's interest
rates and the expected exchangerate. Here we neglect the di�erence in the interest rates
and assumethe in
o w to be constant. Thosesimple assumptionsallow us to highlight the
mechanism of the currency crisesresulting from the investorsspeculative behavior.
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H =
� 1

2
f � e + � (� � � (i � � e) + X (ee) � y� ) � � � g2 (9)

+
� 2

2
(� � � (i � � e) + X (ee) � y� )2

+ q1(i � i f � � (i � i f ; R))

+ q2(X (ee) + F (ee; R)):

The FOCs are

@H
@i

= � � 1� � (� e � � � ) (10)

� � (� 1� 2 + � 2)( � � � (i � � e) + X (ee) � y� )

+ q1(1 � � i � i f (i � i f ; R))

= 0

�
q1 = rq1 � (X 0(ee) � Fee (ee; R))q2 (11)

� � 1� X 0(ee)( � e � � � )

� (� 1� + � 2)( � � � (i � � e) + X (ee) � y� )

�
q2 = (r � FR(ee; R)) q2 + � R(i � i f ; R)q1 (12)

�
e = i � i f � � (i � i f ; R) (13)

�
R = X (ee) + F (ee; R). (14)

For the sake of deriving morespeci�c results,we usethe following speci�c
functions.

� (R) =
� 1

R
+

� 2

2
(i � i f )2 (15)

where the �rst term is country risk associated with a currency run and
the secondterm is exchangerate risk driven by the volatilit y of the exchange
rate. The terms � 1 and � 2 are constant coe�cien ts.
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X (ee) = "ee � m (16)

where" shows the elasticity of im(ex)ports to a changein exchangerate,
and m is the autonomousimport level, and

F (R; ee) � n(ee) � z(ee; R) (17)

=
�
ee

�
�
R

ee2

where� and � are constant coe�cien ts.
Then, the FOCs can be rewritten as:

@H
@i

= � � 1� � (� e � � � ) (18)

� � (� 1� 2 + � 2)( � � � (i � � e) + "ee � m � y� )

+ q1(1 � � 2(i � i f ))

= 0

�
q1 = rq1 � (� +

�
ee2

+ 2�
ee

R
)q2 (19)

� � 1� � (� e � � � )

� (� 1� + � 2)( � � � (i � � e) + "ee � m � y� )

�
q2 =

(

r � �
�

ee

R

� 2
)

q2 �
� 1

R2
q1 (20)

_ee = i � i f �
� 1

R
�

� 2

2
(i � i f )2 (21)

_R = "ee � m +
�
ee

�
�
R

ee2 (22)

From (18),

q1 =
� 1� � (� e � � � ) + � (� 1� 2 + � 2)( � � � (i � � e) + "ee � m � y� )

1 � � 2(i � i f )
(23)

Incorporating equ. (23) into equs. (19)-(22) and solving _q1 = _q2 = _ee =
_R = 0 for i , ee, R, and q2 givesus the steadystatesof the model.
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4 Monetary Policy without Reserv e Con trol:
Numerical Examples

Next, we introducenumerical examples.Hereby we presumethat the mone-
tary authority doesnot attempt to control the foreign reservesbut only aims
at controlling the in
ation rate and output through steeringthe interest rate.

For the caseof a monetary policy without explicit control of foreign re-
servesastarget of the monetary authority we specify for the model, asdevel-
oped in section2, the parametersasrepresented in table 1. Note that in our
example4.1of table 1 the function � = 0 meansthat there is no risk premium
for the assetholding in the domesticcurrency. Yet, we have introducedwith
� > 0; � > 0, an e�ect on foreign exchangereservestriggered by the level of
exchangerates and the level of reserves. Note that we herealsopresumethe
most simplest variant where,as in the output determination of equ. (2) and
the Phillips-curve of equ. (3) the expected in
ation rate, � e, is a constant.
We for conveniencealso take m = 0.

� 1 = 1 � = 5
� 2 = 1 � = 1
� � = :03 � = :01
� e = :03 � 1 = :00
y� = 10 � 2 = :00
i f = :05 " = 1
r = :02 m = :00

� = 100
� = 10

Table 3: Parametersfor example4.1, � = 0

The parametersof table 3 deliver us a unique steady state. The steady
statevalues,for the reservesR, interest rate, i , the exchangerate, e, output y,
and the in
ation rate, � , areshown in table 4. We have computedthe steady
state for the above parameter values,using equs. (19)-(23), employing the
software package Mathematica. We obtain the following steady state (SS)
as reported in table 4.12 As we can observe there is a region for R between

12The eigenvaluesobtained from the 4D systemin q1; q2;e;R at this unique steady state
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zero and 10.1 that may attract the currency reservesaway from zero. This
is indeedcon�rmed by the study of the dynamicsof the steadystate.

SS R i e y �
1 10.1043 0.05 5.02 10 0.03

Table 4: Steadystate valuesfor example4.1

The dynamicsabout the steady state of the state variablesR and e are
computed using a dynamic programming algorithm as applied to dynamic
economicproblemsin Gr•une and Semmler(2004). In the appendix a sketch
of the algorithm is provided. Figure 1 shows the value function about the
unique steadystate.

are f 2.46829,-2.44829,1.0, -0.989899g. The steady state is thus a saddlepoint in terms of
state and co-state variables. It is, however, a general mathematical result, that a saddle
point in the state-costatespacecorresponds to a stable point in the state spacedynamics
of a HJB-equation.
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Figure 1: Value function about the unique steadystate, example4.1

The �gure 1 shows that there is a deepvalley of the value function about
the steady state demonstrating that the value function indeed achieves a
minimum about the steady state values in the vicinit y of the steady state
R� = 10:104and e� = 5:02.
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Figure 2: Value function about the unique steadystate, example4.1

Figure 2, which depicts the vector �eld for the solution of the dynamic pro-
gramming problem (19)-(23), represented by the state equations(21)-(22),
demonstratesthe dynamicsabout the steadystate. As can be observed from
the tra jectoriesall tra jectoriesmove toward the unique steady state R; e in
the vicinit y of the steadystate. Thus, all currencyreservesmovedby a shock
to the region betweenzeroand the steady state R, will safelymove back to
the steadystate R.

In a next variant, example4.2wepursuea dynamicprogrammingsolution
of our basicvariant of section3, but we take in the IS equation(2) the actual
in
ation rate � insteadof � e = constant. In equ. (3) in the Phillips-curve we
then presume,in order to avoid lags that the price dynamics is determined
solely by the output gap. Also, in order to observe a stronger price reaction
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we presumean � =0.15. The remainderof the parametersare the sameas in
table 3 (example4.1).

Figure 3: Value function about the steadystate (actual in
ation rate in the
IS-curve), example4.2.

As �gure 3 for example4.2shows the valuefunction changesonly slightly,
and asthe computation of the vector �eld for this casehasshown, the steady
state equilibrium alsoonly changesslightly. Yet the local dynamicsdoesnot
changeso that the positive steady state of R is the soleattractor between
zeroand the steadystate of R. Sinceneither the shape of the value function
signi�cantly nor the dynamicschange,wesubsequently work with the simpler
variant as proposedin equ. (1)-(4).

In a next variant, example4.3,we permit the function � > 0 due to a risk
premium arising from low currency reserves. We again refer to the simple
variant equs. (1)-(4). We set � 1 = 0:3. The other parameter R remain the
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sameas in table 3. We still keep� 2 = 0. Due to the introduction of a risk
premium � 1 > 0, multiple steadystate equilibria may arise.13 This is shown
in table 5.

SS R i e y �
1 10.2578 0.079 5.04925 10.00 0.03
2 0.5197 0.627 1.74967 6.15 -0.008
3 -0.0515 -5.773 -0.803366 10.00 0.03
4 -0.5197 -0.527 -1.74967 3.80 -0.031

Table 5: Multiple steadystates for example4.3, � 1 = 0:3; � 2 = 0; � > 0

Note that the highest steady state is almost the sameas in table 4, for
example4.1, with � 1 = 0,, � 2 = 0, yet there are 3 moresteadystatesarising,
with a negative R indicating that the country may have to obtain a credit
line on external reservesfor examplefrom the IMF. Overall, due to country
risk (� 1 > 0) the domain of attraction of the steady state R = 10:25778
has decreasedand shocks may produce a more vulnerable situation for the
country's currency reserves.14

The next example,example4.4,allowsalsofor the function � > 0 , and thusa
risk premium, but a reaction of the foreigncurrencyreservesto the exchange
rate and the level of foreign reserves so we have both � 1 > 0, � 2 > 0. We
here again employ the simple variant of equs. (1)-(4) but now with � > 0
due to � 1 > 0, � 2 > 0. We employ the parametersas shown in table 6:

13The eigenvaluesobtained from the 4D systemin q1; q2;e;R at each steady state (from
SS1to SS4) are: f -2.43215,2.3969,1.02606,-0.960707g, f -114.343,112.387,0.992782+
2.75418i, 0.992782- 2.75418ig, f -114.246,112.286,4.84355,-2.85307g, f -2453.37,2409.97,
22.8586,20.574g. Note that SS(1) is stable, SS(2) is unstable, SS(3) is stable and SS(4)
again unstable.

14Note that a large negative � , due to a negative R, an external credit line of a country ,
might not be very reasonable,so we might disregard the steady with a negative R or
constrain the � by a lower bound.
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� 1 = 1 � = 5
� 2 = 1 � = 1
� � = :03 � = :01
� e = :03 � 1 = 2:0
y� = 10 � 2 = 2:0
i f = :05 " = 1
r = :02 m = :00

� = 100
� = 10

Table 6: Parametersfor example4.4, � > 0(� 1 > 0; � 2 > 0)

Also example4.4 givesariseto multiple steadystates. We have left aside
the detailed exploration of the number of steadystate equilibria but explore
instead,usingdynamic programming, in what direction the largest steady
state moves.

Note that the di�erence of this exampleand the previousone is that we
have taken both � 1 > 0; � 2 > 0 (� 1 = 2, � 2 = 2), indicating that the home
countries risk premium risesdue to two e�ects.

Both �gures 4 and 5 show that with the country's risk premium becoming
positive, � > 0 due to � 1 > 0, � 2 > 0 the required equilibrium reservesmove
up and alsoe increasesslightly.
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Figure 4: Minimum of the value function movesup (equilibrium R is rising),
example4.4
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Figure 5: Vector �eld pointing upward, example4.4

As �gures 4 and 5 demonstratethe required equilibrium reservesare up-
ward shifting when the homecountry's risk premium is rising due to � 1 > 0,
� 2 > 0, but the domain of attraction of the upper steadystate of R hasbeen
reduced.

5 Targeting the Foreign Reserv es

As eludedto in section2, after the experienceof the currency�nancial crises,
the currencyreserve level hasbecomeoneof the most important concernsfor
many central banks. By building up large of precautionary reserve balances,
central banks keep the abilit y to defend their currency value and avoid a
currency crisis scenario. In this section, we considera central bank which
hasthree target variables: the in
ation rate, the output level and its foreign
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currency reserves. The short-term nominal interest rate is again the only
control variable for the central bank.

This social welfare lossis computedas:

L =
Z 1

0
e� r t [

� 1

2
(� � � � )2 +

� 2

2
(y � y� )2 +

� 3

2
(R � R� )2]dt (24)

wherenow R, the stock of foreign currency reserves,R � , its target level
and � 3, its relative importance,areadditionally includedin the central bank's
objective function.

Supposethat the economy is as beforedescribed by the IS equation (2),
the Phillips curve (3), the interest rate parity condition (4), and currency
reserve dynamics(5). Then, the problem for the monetary policy authority
can be rewritten as:

M in
i

L =
Z 1

0
e� r t [

� 1

2
(� e + � (� � � (i � � e) + X (ee) � y� ) � � � )2 (25)

+
� 2

2
(� � � (i � � e) + X (ee) � y� )2

+
� 3

2
(R � R� )2]dt

s.t. equs. (4), (5) and the boundary conditions for ee and R
The current value Hamiltonian of this problem is

H =
� 1

2
f � e + � (� � � (i � � e) + X (ee) � y� ) � � � g2 (26)

+
� 2

2
(� � � (i � � e) + X (ee) � y� )2

+
� 3

2
(R � R� )2

+ q1(i � i f � � (i � i f ; R))

+ q2(X (ee) + F (ee; R)):

After an inclusion of the foreign reserve target, only (12) changesas fol-
lows:

�
q2 = (r � FR(ee; R)) q2 � � 3(R � R� ) + � R(i � i f ; R)q1: (27)
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Therefore,by introducing the samespeci�c functions (15)-(17 ), (27) can
be rewritten as

�
q2 =

(

r � �
�

ee

R

� 2
)

q2 � � 3(R � R� ) �
� 1

R2
q1: (28)

Incorporating (23) into (19), (21), (22), and (28) and solving _q1 = _q2 =
_ee = _R = 0 for i , ee, R, and q2 givesa new set of steadystates.

6 Monetary Policy with Reserv e Con trol: Nu-
merical Examples

In the next exampleswe employ the assumptionthat the monetary authority
alsotargets the exchangereserves. We �x a requiredforeignexchangereserve
R� which may re
ect somemonetary policy target resulting from experience
and observations.

� 1 = 1 � = 5
� 2 = 1 � = 1
� 3 = 10 � = :01
� � = :03 � 1 = :00
� e = :03 � 2 = :00
y� = 10 " = 1
R� = 100 m = 0
i f = :05 � = 100
r = :02 � = 10

Table 7: Parametersfor example6.1, � = 0

With the parametersasrepresented in table 7, which are the sameasin table
3, but R� and � 3 are introduced,we obtain a multiplicit y of steadystates.15

15The eigenvaluesobtained from the 4D systemin q1; q2;e;R at each steady state (from
SS1to SS3) are: f 3.27181,-3.25073,0.00 + 3.14646i, 0.00 - 3.14646ig, f 3.83562� 106,
-3.83562� 106, 8.79169, -8.78159g, f 3.46176� 106, -3.46176� 106, 0.00 + 8.7866 i, 0.00 -
8.7866ig. Note that no referenceon the stabilit y properties of the equilibria can be made
when the real parts of the eigenvalues are zero. Dynamic programming has to be used
instead.
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In fact, as the table 8 shows three steadystatesfor our state variable R and
e, and the corresponding interest rates, i , outputs, y and in
ation rates, � ,
are obtained.

SS R i e y �
1 100.042 .05 14.6595 19.6395 0.126395
2 0.000205191 .05 0.12708 5.10708 -0.018929
3 -0.000221597 .05 -0.13038 4.84962 -0.021503

Table 8: SteadyState Values,� = 0, example6.1

Figure 6 depicts the value function about the high steadystate R = 100:042
and e = 14:6595.

Figure 6: Value function about high steadystate, example6.1
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As the value function shows the minimum again lies in a deepvalley. Note
that the required R� is assumedto be very high and the introduced� = 10
represents a strong reaction of the monetary authority to the deviation of
foreignreservesto its target. This is purposelyundertaken in order to obtain
distinct and clearly separatedsteadystates.

Figure 7: Vector �eld about the high steadystate, example6.1

As �gure 7 showsthere areconvergingdynamicstoward the high steadystate
which is indicated by the arrows, thus the highest steady state SS(1) is an
attractor.

Next, we study an example,example6.2where,due to � 1 > 0 and � 2 = 0
In fact we take the sameparametersas reported in table 7 for example6.1,
but employ � 1 = 0:3, and � 2 = 0. There is now a risk rate � > 0 responding
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to low currency reserves.

SS R i e y �
1 100.042 0.0530 14.6595 19.6365 0.126365
2 -0.0323294 -9.2294 -0.6874 13.5721 0.065720

Table 9: SteadyState Values,� 1 = 0:3, � 2 = 0, � > 0, example6.2

As shown in table 9 this time dueto the introduction of the risk premium,
arising from � 1 = 0:3, only two steadystatesare detectable.16 Sincethe up-
per steadystate (SS1)remainsthe sameasin example6.1 we do not expect,
whenemploying the dynamic programmingalgorithm, di�eren t resultsin the
local stabilit y properties and the local behavior of the value function. We
thus can by-passa detailed dynamic programming study for this variant.

16The eigenvaluesobtained from the 4D systemin q1; q2;e;R at each steady state (from
SS1to SS2)are: f 3.27182,-3.25075,

0.00 + 3.14645i, 0.00 - 3.14645ig, f -4561.26,4480.39,40.4486+ 35.3196i, 40.4486-
35.3196ig The latter caseshows instabilit y, but again no inferencecan be made for the
caseof zero real roots. Yet the dynamic programming result showed, as for the caseof
table 8 and depicted in �gure 7 that the upper equilibrium is stable.
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7 Conclusion

In this paper we have studied an extensionof Taylor type monetary policy
rules where the central bank is confronted by foreign investors` state de-
pendent reactions and self-ful�lling expectations. In this context we have
explored two di�eren t currency crisesscenarios. We have focusedon two
factors; � 3, the weight that the central bank givesto the level of precaution-
ary foreign reserve balances,and � , the risk premium factor in the interest
rate parity condition. The factor � represents the foreign investors' state-
dependent reactionswhich is likely to fuel currency runs. A summary of the
outcomescan be stated as follows.

Scenario 1: Baseline monetary policy without reserv e control
(� 3 = 0)

In our baselinemonetary policy model, the central bank pursuesonly
two targets, the output level and the in
ation rate. When the risk premium
factor is zero � = 0, there is a unique steady state in a positive state space,
and the dynamic property of this steady state is represented by a saddle
point when the Hamiltonian is used to study the local stabilit y properties
which correspondsto a stablesteadystate in the state space.When the risk
premium factor � > 0 is introduced, multiple steady states arise and two
domains of attraction appear in a positive state space. The upper steady
state is closeto the unique steady state obtained when � = 0 and it is a
saddlepoint and the lower steadystate occursat a low reserve level and the
dynamic property is an unstable focus. The latter indicates that the lower
steadystate is unstable in the state space.Therefore,the lower steadystate
divides the positive state spaceinto two domains: an upper stabile and a
lower unstabledomain, wherethe tra jectoriesmove downward. Overall, this
reducesthe stable domain of attraction and a currency crisis scenariomay
here develop, the reserve level continuously falls and, the central bank has
to keephigh interest rates which entails a recessionand de
ation. Sincethe
lower steadystate level of R movesup whenthe risk premium factor is strong,
it suggeststhat higher � enlargesthe domainof attraction of the lower steady
state and a greater possibility of a currency crisis can be expected.

Scenario 2: Monetary policy with targeting the reserv e (� 3 > 0)
In this scenariothe central bank targets the level of precautionary foreign
reserve balancesas well. When the risk premium factor is zero, multiple
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steadystatesariseand thustwo domainsof attraction exist in a positivestate
space.Sincethe lower steadystate is closeto zeroand the upper steadystate
of R is very high and closeto the target reserve level, there is little possibility
of a currency crisis. The lower steady state moveseven closerto zero when
the central bank gives higher weight to the level of precautionary foreign
reserve balances,which meansthat the domain of attraction of the upper
steadystate enlargesas � 3 increases.The central bank's actual reserve level
tends to be as large asthe central bank's desiredtarget level. When the risk
premium factor � > 0 is introduced, it turns out that we still can avoid the
currency crisis scenario. There is a unique steady state in a positive state
space,and the steady state of R remainscloseto the central bank's target
level.

Overall, we may concludethat if the central bank takesthe level of pre-
cautionary foreign reserve balancesinto account as one of its targets it is
likely to avoid the economy 
ipping into a currency crisis scenario. Given
the usual uncertainty that central banks face in terms of the data of the
country, the underlying model and its parameters,the domainsof bad out-
comesand the sizeof shocks it appearsas a very useful strategy of central
banks to increasesuch domainsof attraction by somestrategy.
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App endix: The Numerical Solution of the Mo del

We here brie
y describe the dynamic programming algorithm as applied in
Gr•uneand Semmler(2004) that enablesus to numerically solve the dynamic
model as proposedin section 3. The feature of the dynamic programming
algorithm is an adaptive discretization of the state spacewhich leadsto high
numerical accuracywith moderate useof memory.

Such algorithm is applied to discounted in�nite horizon optimal control
problemsof the type introducedin section3. In our model variants we have
to numerically computeV(x) for

V(x) = max
u

Z 1

0
e� r f (x; u)dt

s.t. _x = g(x; u)

whereu represents the control variable and x a vector of state variables.
In the �rst step, the continuous time optimal control problem has to be

replacedby a �rst order discretetime approximation given by

Vh(x) = max
j

Jh(x; u); Jh(x; u) = h
1X

i =0

(1 � � h)Uf (xh(i ); ui ) (A1)

wherexu is de�ned by the discretedynamics

xh(0) = x; xh(i + 1) = xh(i ) + hg(x i ; ui ) (A2)

and h > 0 is the discretization time step. Note that j = (j i ) i 2 N0 here
denotesa discretecontrol sequence.

The optimal value function is the unique solution of a discreteHamilton-
Jacobi-Bellmanequation such as

Vh(x) = max
j

f hf (x; uo) + (1 + � h)Vh(xh(1))g (A3)

where xh(1) denotesthe discrete solution corresponding to the control
and initial value x after one time step h. Abbreviating

Th(Vh)(x) = max
j

f hf (x; uo) + (1 � � h)Vh(xh(1))g (A4)
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the secondstep of the algorithm now approximates the solution on grid
� covering a compactsubsetof the state space,i.e. a compact interval [0; K ]
in our setup. Denoting the nodesof � by x i ; i = 1; :::;P, we are now looking
for an approximation V �

h satisfying

V �
h (X i ) = Th(V �

h )(X i ) (A5)

for each node x i of the grid, wherethe value of V �
h for points x which are

not grid points (theseare neededfor the evaluation of Th) is determinedby
linear interpolation. We refer to the paper cited above for the description of
iterativ e methods for the solution of (A5). Note that an approximately opti-
mal control law (in feedback form for the discretedynamics)canbe obtained
from this approximation by taking the value j � (x) = j for j realizing the
maximum in (A3), whereVh is replacedby V �

h . This procedurein particular
allows the numerical computation of approximately optimal tra jectories.

In order the distribute the nodesof the grid e�cien tly, we make useof a
posteriori error estimation. For each cell Cl of the grid � we compute

� l := max
k2 cl

j Th(V �
h )(k) � V �

h (k) j

More preciselywe approximate this value by evaluating the right hand
side in a number of test points. It can be shown that the error estimators � l

give upper and lower bounds for the real error (i.e., the di�erence between
Vj and V �

h ) and henceserve as an indicator for a possiblelocal re�nement
of the grid �. It should be noted that this adaptive re�nement of the grid is
very e�ectiv e for computing steepvalue functions and modelswith multiple
equilibria, seeGr•une and Semmler(2004).
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