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Iruwkfrplqj lq=
Eduqhww/ Z1/ Ghlvvhqehuj/ Fk1/ dqg J1 Ihlfkwlqjhu +Hgv1,/

Hfrqrplf Frpsoh{lw|= Qrq0olqhdu G|qdplfv/
Pxowl0djhqwv Hfrqrplhv/ dqg Ohduqlqj/
LVHWH Yro1 47/ Hovhylhu/ Dpvwhugdp1

Dxjxvw 56/ 5336

Devwudfw
Pxowlsoh htxloleuld dqg klvwru| ghshqghqw rswlpdo vroxwlrqv duh lp0

sruwdqw ihdwxuhv ri d zhdowk ri zlgho| glyhuvh hfrqrplf prghov1 Wkhvh
ihdwxuhv duh w|slfdoo| uhodwhg wr wkh suhvhqfh ri pdunhw lpshuihfwlrqv/ h{0
shfwdwlrqdo skhqrphqd/ dqg wkh olnh1 Ohvv nqrzq lv wkdw wkh| fdq dovr
dulvh lq h!flhqw ghwhuplqlvwlf lqwhuwhpsrudo rswlpl}dwlrq prghov1 Zh h{0
dplqh gl�huhqw phfkdqlvpv wkdw fdq jhqhudwh pxowlsoh rswlpdo htxloleuld
lq prghov ri wkh odwwhu w|sh/ dqg glvfxvv wkh surshuwlhv ri wkh wkuhvk0
rogv wkdw vhsdudwh wkh edvlqv ri dwwudfwlrq ri wkh gl�huhqw htxloleuld1 Dv
prvw ri wkh h{lvwlqj olwhudwxuh/ wkh sdshu irfxvhv rq rqh0glphqvlrqdo vwdwh
vsdfh prghov1 Krzhyhu/ dq h{whqvlrq wr wkh wzr0glphqvlrqdo fdvh lv dovr
suhvhqwhg1 Vlqfh lq pdq| lpsruwdqw lqvwdqfhv wkh wkuhvkrogv fdqqrw eh
irxqg dqdo|wlfdoo|/ zh suhvhqw wkuhh phwkrgv wkdw doorz wr frpsxwh dqg
dqdo|}h wkhp qxphulfdoo|1 Ilqdoo|/ zh jlyh d fxuvru| uhylhz ri h!flhqw
g|qdplf hfrqrplf prghov zlwk pxowlsoh htxloleuld1

Nh|zrugv= G|qdplf rswlpl}dwlrq prghov/ Pxowlsoh htxloleuld/ Klv0
wru| ghshqghqfh/ Wkuhvkrogv/ Vnled srlqwv/ Qxphulfdo phwkrgv1
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MHO fodvvl�fdwlrq= F94/ F95
Wkh dxwkruv zrxog olnh wr wkdqnZlooldp Eurfn/ Khuehuw Gdzlg/ Ulfkdug

Kduwo/ Mrvhi Kdxqvfkplhg/ Shwhu Nruw/ Jhuqrw Wudjohu/ Yodglplu Yholry/
Dodlq Yhqglwwl/ Ioruldq Zdjhqhu/ Plfkdho Zrrgirug/ dqg wkh suryhueldo
dqrq|prxv uhihuhhv iru nlqg dqg khosixo frpphqwv1 Wkh sdshu juhdwo|
ehqh�whg iurp wkh vdeedwlfdo vshqw e| Iudq} Zluo dw wkh Whfkqlfdo Xql0
yhuvlw| ri Ylhqqd/ dqg iurp d ylvlw e| Zlool Vhppohu dw wkh Xqlyhuvlwì gh
od Pìglwhuudqìh1

4 Lqwurgxfwlrq
D surplqhqw �jxuh ri phglhydo sklorvrsk|/ Exulgdq*v grqnh|/ lv vkrzq vwdqglqj
dw htxdo glvwdqfh iurp wzr lghqwlfdo dqg htxlglvwdqw edohv ri kd|/ xqdeoh wr
ghflgh wrzdugv zklfk edoh wr jr1 V Lq prghuq hfrqrplf sduodqfh/ rqh zrxog vd|
wkdw Exulgdq*v grqnh| lv d udwlrqdo hfrqrplf djhqw lqgl�huhqw ehwzhhq prylqj
wrzdugv wkh rqh ru wkh rwkhu edoh1 Lwv fxuuhqw srvlwlrq lv d ghflvlrq wkuhvkrog �
dq| vpdoo pryhphqw dzd| iurp lw zloo ghvwur| wkh lqgl�huhqfh dqg prwlydwh d
xqltxh rswlpdo frxuvh ri dfwlrq= prylqj wr wkh forvhvw edoh1 Wkh wzr edohv fdq
eh whuphg wkh grqnh|*v wzr rswlpdo orqj0uxq vwdwlrqdu| vroxwlrqv1 W

Exulgdq*v vwru| surylghv dq ryhuo| vlpsol�hg h{dpsoh ri d vlwxdwlrq zkhuh
wkhuh lv lqgl�huhqfh ehwzhhq wzr ru pruh rswlpdo frxuvhv ri dfwlrq1 Ohvv wulyldo
rffxuuhqfhv duh srvvleoh lq pruh frpsoh{ hqylurqphqwv1 Frqvlghu/ iru h{dpsoh/
wkh iroorzlqj fdvh1 Rxu grqnh|/ wkdw suhihuv pruh kd| wr ohvv/ lv khvlwdwlqj
ehwzhhq d odujh edoh forvh e|/ dqg d vpdoo rqh ixuwkhu dzd|1 Grhv lwv lqgl�huhqfh
qhfhvvdulo| uh hfw dq| nlqg ri luudwlrqdolw|B Qrw vr/ li rqh wdnhv lqwr dffrxqw wkh
glvxwlolw| dvvrfldwhg zlwk jrlqj wr jr wr hlwkhu edoh � wkdw lv/ wkh frvwv dvvrfldwhg
zlwk wkh rswlpdo wudmhfwru| wrzdugv wkh wzr orqj0whup rswlpdo vroxwlrqv1 Li wkh
urdg wrzdugv wkh odujh edoh/ dowkrxjk vkruw/ lv vwhhs dqg exps|/ wkh grqnh|
pd| eh zhoo dgylvhg wr iroorz wkh orqjhu exw hdvlhu zd| ohdglqj wr wkh vpdoohu
rqh1 Vlpso| vwdwhg/ wkh ehvw frxuvh ri dfwlrq lq d jlyhq vlwxdwlrq w|slfdoo| grhv
qrw ghshqg h{foxvlyho| xsrq wkh �qdo uhzdugv/ wkdw pd| eh zlgho| gl�huhqw/
exw dovr xsrq wkh frvwv dqg ehqh�wv hq urxwh wrzdugv wkhvh uhzdugv1

Dw wkh wkuhvkrog vhsdudwlqj wzr rswlpdo frxuvhv ri dfwlrqv wkh grqnh| pd|
vwulfwo| suhihu jrlqj wr wkh rqh ru wr wkh rwkhu kd| edoh udwkhu wkdq uhpdlqlqj
lppreloh1 Dowhuqdwlyho|/ li wkh vwdwlrqdu| xwlolw| dw wkh wkuhvkrog lv vx!flhqwo|
kljk dqg wkh urdg ohdglqj wr wkh kd| edohv vx!flhqwo| dugxrxv/ lw pd| eh lq0
gl�huhqw ehwzhhq jrlqj dqg vwd|lqj1 Lq erwk fdvhv/ krzhyhu/ wkh wkuhvkrog lv
xqvwdeoh � doo rswlpdo wudmhfwru| ohdg dzd| iurp lw wrzdugv rqh ru wkh rwkhu
orqj0whup htxloleuld1 Wkxv/ wkh hfrqrplf frqvhtxhqfhv duh vlplodu1 Dprqj
wkhp rqh vkrxog qrwh/ prvw lpsruwdqwo|/ klvwru| ghshqghqfh= Lq wkh suhvhqfh
ri d wkuhvkrog/ wkh rswlpdo orqj0uxq vwdwlrqdu| vroxwlrq wrzdug zklfk dq rswl0
pdoo| frqwuroohg v|vwhp frqyhujhv grhv ghshqg xsrq wkh lqlwldo frqglwlrqv1 DX S<+�# 7 !6(Q1�� 3 %Y+��Z(&G�![3 � , ![1�� 7 (QG�!2K
+�#'\]+�,5^�!$1��ZM
;<#'� 7 1��`_];�� 7 +�;�8=(&! 7 3 )]+���![+�,
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udwlrqdo grqnh| eruq vx!flhqwo| forvh wr lw zloo vshqg lwv olih dw wkh odujh kd|
edoh1 Wkh vdph grqnh|/ eruq ixuwkhu dzd|/ zloo qrw1 Hfrqrplhv ru hfrqrplf
v|vwhpv wkdw duh lghqwlfdo xs wr voljkwo| gl�huhqw lqlwldo frqglwlrqv pd| orrn
yhu| gl�huhqw rq wkh orqj whup1 Pruh suhflvho|/ wkh rswlpdo orqj0uxq vroxwlrq
wrzdug zklfk dq rswlpdoo| frqwuroohg v|vwhp lv dwwudfwhg pd| ghshqg rq wkh
lqlwldo frqglwlrqv � wkdw lv pruh riwhq wkdq qrw/ rq fkdqfh udwkhu wkdq zlvgrp1

Lq sudfwlfdo srolf|0pdnlqj/ lw pd| eh fuxfldo wr uhfrjql}h zkhwkhu ru qrw
d jlyhq sureohp kdv pxowlsoh vwdeoh rswlpdo htxloleuld dqg/ li vr/ wr suhflvho|
orfdwh wkuhvkrogv vhsdudwlqj wkh edvlqv ri dwwudfwlrq wrzdugv wkhvh htxloleuld1
Frqvlghu djdlq rxu grqnh|/ exw dvvxph qrz wkdw lw lv rq d  rdw jrlqj grzq d
ulyhu1 Wzr edohv ri kd| duh rq wkh vkruh/ erwk grzqvwuhdp ri wkh grqnh|*v lqlwldo
srvlwlrq/ zlwk wkh odujhvw rqh wkh kljkhu rqh rq wkh ulyhu1 Xs wr vrph srlqw/ lw
zloo eh udwlrqdo iru wkh grqnh| wr vwhhu wkh  rdw wrzdugv wkh odujhu edoh1 Li lw
zdlwv wrr orqj/ krzhyhu/ lwv ehvw fkrlfh pd| eh wr jr wr wkh vpdoohu rqh/ lq rughu
wr dyrlg wkh kljk frvwv ri urzlqj djdlqvw wkh vwuhdp1 E| vkliwlqj wkh uhodwlyh
lpsruwdqfh ri lqwhulp dqg orqj0whup frvwv dqg ehqh�wv/ lqdgyhuwhqwo| furvvlqj
wkh wkuhvkrog pd| grrp d udwlrqdo ghflvlrq0pdnhu wr d orzhu orqj0whup xwlolw|
ohyho1 Odwh dfwlrq fdq phdq iruhjrlqj dq| udwlrqdo prwlyh wr dwwhpsw uhdfklqj
d vxshulru orqj0uxq htxloleulxp/ wkxv frqghpqlqj wkh ghflghu +iru lqvwdqfh/
vrflhw|, wr d jorrp| ixwxuh1

Wkxv prwlydwhg/ wklv sdshu lv ghyrwhg wr d v|qwkhwlf suhvhqwdwlrq ri wkh
surshuwlhv qhfhvvdu| iru wkh h{lvwhqfh ri pxowlsoh vwdeoh orqj0uxq vwdwlrqdu| vr0
oxwlrqv dqg klvwru| ghshqghqfh lq rswlpdo frqwuro sureohpv zkhuh doo srwhqwldo
h{whuqdolwlhv kdyh ehhq surshuo| lqwhuqdol}hg/ wkdw lv/ lq h!flhqw rswlpdo frqwuro
sureohpv1 Sduwlfxodu dwwhqwlrq lv jlyhq wr frqglwlrqv xqghu zklfk wkh wkuhvk0
rogv vhsdudwlqj wkh vwdeoh orqj0uxq vroxwlrqv wdnh wkh sduwlfxoduo| fkdoohqjlqj
irup ri vr0fdoohg Vnled srlqwv/ dqg wr wkh surshuwlhv ri wkh wkuhvkrogv1 Vhfwlrq
5 lqwurgxfhv wkh fodvv ri g|qdplf rswlpl}dwlrq sureohpv frqvlghuhg1 Vhfwlrq
6 suhvhqwv dqg glvfxvvhv gl�huhqw qhfhvvdu| frqglwlrqv iru klvwru| ghshqghqfh
dqg wkh dvvrfldwhg surshuwlhv ri wkh wkuhvkrogv1 Vhfwlrq 7 lv ghyrwhg wr wkh
suhvhqwdwlrq ri qxphulfdo phwkrgv iru �qglqj Vnled srlqwv dqg fkdudfwhul}lqj
wkh joredo g|qdplfv derxw wkhvh srlqwv1 D qxphulfdo h{dpsoh lv jlyhq1 Vhf0
wlrq 8 jlyhv d vkruw vxuyh| ri h!flhqw g|qdplf hfrqrplf prghov zlwk pxowlsoh
vwhdg|0vwdwhv dqg klvwru| ghshqghqw rxwfrphv1 Vhfwlrq 9 frqfoxghv wkh sdshu1
Prvw ri wkh dqdo|vlv lv uhvwulfwhg wr rqh0glphqvlrqdo frqwuro sureohpv1 Krzhyhu/
wkh sdshu dovr dgguhvvhv wkh rffxuuhqfh ri pxowlsoh vwhdg|0vwdwhv dqg wkuhvk0
rogv zkhq wkh vwdwh0vsdfh lv wzr0glphqvlrqdo1 Lq wkdw fdvh/ wkh wkuhvkrogv duh
rqh0glphqvlrqdo fxuyhv wkdw jhqhudol}h lq d vwudljkwiruzdug exw qrq0wulyldo zd|
wkh }hur0glphqvlrqdo +srlqw, wkuhvkrogv irxqg lq rqh0glphqvlrqdo prghov1

Dw wklv sodfh/ ohw xv pdnh fohdu wkdw zh duh qrw frqfhuqhg zlwk dqrwkhu
lpsruwdqw exw xquhodwhg sureohp lq hfrqrplf g|qdplfv/ qdpho|/ wkh sureohp
ri lqghwhuplqdf|/ vhh h1j1 Pdmxpgdu hw do1 +5333,1 Lq wkh fdvhv zh duh frqvlg0
hulqj/ dqg frqwudu| wr zkdw fkdudfwhul}hv lqghwhuplqdf|/ wkh rswlpdo vroxwlrqv
duh xqltxho| zhoo0gh�qhg dw doprvw hyhu| srlqw1 Wkhuh h{lvwv/ krzhyhu/ d vhw
ri srlqwv zkhuh wkh xqltxh ghflvlrq0pdnhu pd| eh lqgl�huhqw ehwzhhq wzr ru
vhyhudo ri wkhvh vroxwlrqv1
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5 Iudphzrun dqg rswlpdolw| frqglwlrqv
Lq wklv sdshu/ zh frqvlghu lqwhu0whpsrudo rswlpl}dwlrq sureohpv S +{ m , ri wkh
w|sh=

Y +{ m , � vxsnLo p0q'rEs
] t
m h u
v p I +{+w,> x+w,,gw> +4,

v=w= w{ @ i+{+w,> x+w,,> {+3, @ { m > +5,
zkhuh { lv wkh vwdwh/ x wkh frqwuro/ X d frpsdfw vhw ri dgplvvleoh frqwurov/
w wkh wlph lqgh{/ dqg u A 3 d glvfrxqw udwh1 Ixuwkhupruh/ I +{+w,> x+w,, lv
d uhwxuq ixqfwlrq/ i+{+w,> x+w,, ghvfulehv wkh vwdwh g|qdplfv/ dqg Y +{ m , lv wkh
ydoxh ixqfwlrq/ l1h1 wkh pd{lpxp djjuhjdwh suhvhqw ydoxh ri ehqh�wv iru vwduwlqj
dw {+3, @ { m 1 Wkh sureohp lv sdudphwhul}hg lq whupv ri wkh lqlwldo frqglwlrqv
{ m / wkdw duh d fuxfldo lqjuhglhqw ri d klvwru| ghshqghqw rxwfrph1

Lq olqh zlwk prvw ri wkh uhohydqw olwhudwxuh zh uhvwulfw rxuvhoyhv xqohvv rwk0
huzlvh phqwlrqhg wr rqh0glphqvlrqdo prghov/ l1h1/ { 5 U/ dqg dvvxph d vfdodu
frqwuro/ x 5 U1 Krzhyhu/ zh zloo dgguhvv h{whqvlrqv wr wkh fdvh { 5 U x 1 Wr
vlpsoli| wkh qrwdwlrq/ zh rplw dujxphqwv zkhqhyhu srvvleoh zlwkrxw ulvn ri frq0
ixvlrq1 Lq sduwlfxodu/ wkh yduldeohv duh qrw lqgh{hg zlwk wlph w lq wkh uhvw ri wkh
sdshu1 Vlploduo|/ wkh zrug rswlpdo zloo eh w|slfdoo| rplwwhg1 Wkxv/ iru h{dpsoh/
dq rswlpdo wudmhfwru| +rswlpdo vroxwlrq, zloo eh whuphg wudmhfwru| +vroxwlrq,1

Pxfk ri wkh suhvhqwdwlrq zloo eh edvhg rq Srqwu|djlq*v pd{lpxp sulqflsoh/
dqg wkxv/ fduulhg rxw lq whupv ri wkh fxuuhqw ydoxh Kdplowrqldq K+x> {> �, =

K+x> {> �, � I +x> {, . �i+x> {,> +6,
zkhuh � lv dq fr0vwdwh yduldeoh wkdw fdq eh lqwhusuhwhg dv wkh g|qdplf vkdgrz
sulfh ri d pdujlqdo prgl�fdwlrq ri wkh fxuuhqw vwdwh {= Lq whupv ri wklv Kdplo0
wrqldq/ wkh �uvw0rughu frqglwlrqv iru dq rswlpdo srolf| x duh jlyhq e| wkh fdqrq0
lfdo v|vwhp= � b{ @ K y >b� @ u��K z:{ +7,
wrjhwkhu zlwk wkh wudqvyhuvdolw| frqglwlrq=

olpp*| t h u
v p � @ 3> +8,
dqg/ dvvxplqj dq lqwhulru vroxwlrq/ wkh Kdplowrqldq pd{lpl}dwlrq frqglwlrq=

K n @ 3= +9,
Xqghu vwdqgdug dvvxpswlrqv/ wkh v|vwhp +7,0+9, dvvrfldwhv wr wkh fxuuhqw ydoxh
ri wkh vwdwh { dq xqltxh ydoxh ri wkh fr0vwdwh yduldeoh/ � @ �+{,1 Wkh rswlpdo
frqwuro x fdq olnhzlvh eh h{suhvvhg dv d ixqfwlrq ri wkh fxuuhqw vwdwh { lq whupv ri
d srolf| ixqfwlrq x @ x+{,=Zh dvvxph/ xqohvv rwkhuzlvh vshfl�hg/ wkdwK n�n ? 3=
Wklv lqvxuhv wkdw wkh htxdwlrq K n @ 3 fdq eh vroyhg iru wkh frqwuro1
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Zh vshdn ri d frqfdyh prgho li K lv mrlqwo| frqfdyh lq wkh vwdwh { dqg wkh
frqwuro x/ l1h1/ li K n�n K z"z � K xn z � 31 Rwkhuzlvh/ zh vshdn ri d qrq0frqfdyh
prgho li K n�n K z=z �K xn z � 3> ru ri d frqyh{ prgho li K z"z A 3= Rqh vkrxog vwuhvv
wkdw zh gr qrw uhtxluh frqfdylw| ru frqyh{lw| joredoo|/ exw rqo| ryhu vrph
frpsdfw vhw ri lqwhuhvw iru wkh frqfuhwh sureohp vwxglhg1 Prvw lpsruwdqwo|/
qrwh wkdw mrlqw frqfdylw| lq { dqg x ri wkh Kdplowrqldq lv d joredoo| vx!flhqw
frqglwlrq iru rswlpdolw|1 Rq wkh rwkhu kdqg/ qrq0frqfdyh ru frqyh{ prghov pd|
ylrodwh/ orfdoo| ru joredoo|/ wkhvh vx!flhqw frqglwlrqv1

Ehvlghv wkh dssurdfk ghvfulehg deryh/ dqrwkhu phwkrg edvhg rq wkh Kdplowrq0
Mdfrel0Ehoopdq +KME, htxdwlrq lv xvhg dw sodfhv/ lq sduwlfxodu/ lq Vhfwlrq 71
Wklv dssurdfk uholhv rq wkh idfw wkdw wkh ydoxh ixqfwlrq Y +{, +zklfk lv dvvxphg
lq wklv sdshu wr eh frqwlqxrxv, pxvw vdwlvi| wkh KME ixqfwlrqdo htxdwlrq=

uY +{, @ vxsn:rEs ^I +{> x, . Y z +{,i+{> x,` > +:,

zkhuh Y z +{, lv wkh ghulydwlyh ri Y +{, z1u1w1 {= D wklug dssurdfk/ glvfuhwh wlph
g|qdplf surjudpplqj/ fdq eh hpsor|hg wr vwxg| joredo g|qdplfv dqg wr ghwhfw
wkuhvkrogv edvhg rq d glvfuhwl}dwlrq ri +:, = Ixuwkhu ghwdlov rq wkhvh odvw wzr
phwkrgv duh jlyhq lq Vhfwlrq 71

W|slfdoo|/ wkh rswlpdo orqj0uxq vroxwlrqv ri wkh frqwuro sureohp S +{ m , �
wkdw lv/ wkh dwwudfwruv ri wkh rswlpdoo| frqwuroohg v|vwhp � zloo eh vdggoh0srlqwv
lq wkh fdqrqlfdo vsdfh +{> �,= } Rwkhu w|shv ri dwwudfwruv duh srvvleoh/ vxfk dv
wkh ruljlq li wkh ihdvleoh vwdwh0vsdfh lv erxqghg e| qrq0qhjdwlylw| frqglwlrqv ru/
irupdoo|/ .4 li wkh rswlpdo wudmhfwrulhv jurz zlwkrxw erxqgv1 Zlwk vrph dexvh
ri odqjxdjh/ zh zloo uhvhuyh wkh whup vwdeoh vwhdg|0vwdwh wr ghvljqdwh wkh ydoxh
ri wkh vwdwh yduldeoh { dw dq| rswlpdo dwwudfwru/ lqghshqghqwo| ri wkh vshfl�f
irup lw pd| wdnh1

Lq wkh frqwh{w ri d rqh0glphqvlrqdo rswlpdo frqwuro sureohp S +{ m ,/ d wkuhvk0
rog lv d ydoxh ri wkh vwdwh yduldeoh { dw zklfk wkh ghflvlrq0pdnhu lv lqgl�huhqw
ehwzhhq frqyhujlqj wrzdug wkh rqh ru wkh rwkhu ri vhyhudo vwdeoh vwhdg|0vwdwhv1
Li lw h{lvwv/ wkh wkuhvkrog zloo wkhuhiruh olh ehwzhhq dw ohdvw wzr vwdeoh vwhdg|0
vwdwhv { ~ dqg { � 1 Ehwzhhq wkh wzr vwdeoh vwhdg|0vwdwhv/ wkhuh zloo dovr dozd|v
eh dq xqvwdeoh vwdwlrqdu| vroxwlrq ri wkh fdqrqlfdo v|vwhp/ zkrvh {0ydoxh zloo
eh whuphg dq xqvwdeoh vwhdg|0vwdwh dqg ghvljqdwhg e| { � 1

Lqwxlwlyho|/ lw pd| eh whpswlqj wr k|srwkhvl}h wkdw wkuhvkrogv dqg xqvwdeoh
vwhdg|0vwdwhv frlqflgh1 Diwhu doo/ wkh g|qdplfv gh�qhg e| +7,0+9, lpso| wkdw wkh
v|vwhp zloo frqyhujh wrzdugv wkh rqh ru wkh rwkhu vwdeoh vwhdg|0vwdwh ghshqglqj
xsrq zkhwkhu wkh fxuuhqw vwdwh { lv rq wkh ohiw ru rq wkh uljkw ri wkh xqvwdeoh
vwhdg|0vwdwh { � 1 Wklv lqwxlwlrq lv fruuhfw li { � lv rswlpdo lq wkh vhqvh wkdw wkh
sdlu +{ � > �+{ � ,, gh�qhg e| +7,0+9, lv rswlpdo iru wkh sureohp S +{ m ,1 Krzhyhu/
lw irujrhv wkh idfw wkdw/ dv douhdg| phqwlrqhg/ +7,0+9, surylgh rqo| �uvw0rughu� �2+�%0(f��+��=/*!$FB+���+�PC� %'(&%�g 1�� 7 %'+�Pa!2!$F$+���+�PC� %'(Q%a1�%�K
!B3 3 iePC1B)�8:!�c<;�T$TB3 ! 7 8�)�+�;�#C��1�PC� �<H�1%&1 7�7 3 !6/*c:+�� ��(�1���1�('(Q#'1�F$(&+�#$?Y4*(�� %e� ��(QG�!f3 � PC� (Q! 7 %'!B��%&!a(QG�1�(J�E� ��(&G<!C%'(Q1�(&!$/>FB+���(Q#'+�3�%&c�1�F$![g 1"i�(&G<!+�c=(Q� PC1�3-%0(Q!$1 7 )"/>%'(Q1�(&!�� %�;<%';<1�3 3 )�1Y%&1 7�7 3 !6/*c:+�� ��($�R1�� 7 g 8@i
(&G�!�+�c=(&� PC1�3R(Q#'1��0!$F$(&+�#')�3 !B1 7 � ��Hf(&+f(&G<!+�c=(Q� PC1�3L%'(Q!$1 7 )"/>%'(Q1�(&!5F$+�� �<F$� 7 !$%
K�� (&G�(QG�!5%0(Q1�8�3 !58�#&1���FQG2+�,R(QG�� %l%&1 7�7 3 !6/*c:+�� ��(J?
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frqglwlrqv iru d srvvleoh rswlpxp1 Wkxv/ wkh xqvwdeoh vwhdg|0vwdwh fdq eh qrq0
rswlpdo/ lq wkh vhqvh wkdw wkh sdlu +{ � > �+{ � ,, lv qrq0rswlpdo1 Li lw lv wkh fdvh/
wkh g|qdplfv lpsolhg e| +7,0+9, zloo w|slfdoo| qrw eh rswlpdo lq d ylflqlw| ri wkh
xqvwdeoh vwhdg|0vwdwh/ dqg wkuhvkrog dqg xqvwdeoh vwhdg|0vwdwh zloo qrupdoo|
gl�hu1 Qrwh wkdw/ e| gh�qlwlrq/ dq lqqhu vwdeoh vwhdg|0vwdwh lv dozd|v rswlpdo1

Wkuhvkrogv wkdw dulvh lq frqqhfwlrq zlwk qrq0rswlpdo xqvwdeoh vwhdg|0vwdwhv
duh xvxdoo| fdoohg Vnled wkuhvkrogv +ru srlqwv/ ru vhwv,/ lq krqru ri wkh slrqhhulqj
zrun ri Vnled +4<:;,1 Dowhuqdwlyho|/ wkh| kdyh dovr ehhq qdphg GQV wkuhvkrogv/
dgglqj wr Vnled*v lqlwldo wkrvh ri Ghfkhuw dqg Qlvklpxud/ zkr jdyh lq wkhlu 4<;6
duwlfoh wkh �uvw h{dfw surri ri wkh h{lvwhqfh ri d Vnled srlqw vhsdudwlqj wzr edvlqv
ri dwwudfwlrq lq d rqh0vwdwh g|qdplf rswlpl}dwlrq prgho1 Vnled wkuhvkrogv duh
pxfk pruh gl!fxow wr orfdwh wkdq wkrvh wkuhvkrogv wkdw duh dvvrfldwhg zlwk
rswlpdo xqvwdeoh vwhdg|0vwdwhv/ ehfdxvh wkhuh lv qr dssursuldwh �orfdo� htxdwlrq
wr gh�qh wkhp1 Lq sduwlfxodu/ wkh �uvw0rughu frqglwlrqv +7,0+9, gr qrw surylgh
wkh lqirupdwlrq qhhghg wr orfdwh wkhp h{dfwo|1 Lw lv wkhuhiruh lpsruwdqw wr
ghwhuplqh jhqhudo frqglwlrqv xqghu zklfk wkh wkuhvkrogv duh Vnled srlqwv dqg
wr �qg zd|v iru �qglqj wkhlu suhflvh orfdwlrq1

Wkh surshuwlhv ri wkh rswlpdo frqwuro dw d wkuhvkrog duh forvho| dvvrfldwhg
zlwk wkh nlqg ri wkuhvkrog frqvlghuhg � Vnled srlqw ru qrw1 Lq wkh fdvh ri
d Vnled srlqw/ wkh frqwuro w|slfdoo| mxpsv dw wkh wkuhvkrog1 Rwkhuzlvh/ lw lv
hyhu|zkhuh frqwlqxrxv1 Vlploduo|/ lq wkh ylflqlw| ri d Vnled srlqw/ wkhuh pd|
eh vhyhudo fdqglgdwh ydoxh ixqfwlrqv �Y +{,> gh�qhg dv wkh pd{lpxp djjuhjdwh
suhvhqw ydoxh ri ehqh�wv zkhq vwduwlqj lq { dqg frqyhujlqj wrzdugv d vwhdg|0
vwdwh dorqj d sdwk vdwlvi|lqj wkh �uvw0rughu frqglwlrqv iru d pd{lpxp ri +4,0+5,1
Zh zloo vhh dw d odwhu sodfh wkdw erwk surshuwlhv � glvfrqwlqxlw| ri wkh rswlpdo
frqwuro dqg pxowlsoh fdqglgdwh ydoxh ixqfwlrqv � duh forvho| uhodwhg1 Ilqdoo|/ lq
wkh Vnled fdvh/ wkh wkuhvkrog fdq eh dvvrfldwhg zlwk hlwkhu d qrgh ru d vsludo
vrxufh ri wkh fdqrqlfdo wudmhfwrulhv1 Rwkhuzlvh/ rqo| qrghv duh srvvleoh1

Wkhvh surshuwlhv ri wkh xqvwdeoh vwhdg|0vwdwh { � dqg dvvrfldwhg wkuhvkrog/
rq zklfk zh vkdoo ixuwkhu hoderudwh lq wkh qh{w vhfwlrq/ duh vxppdul}hg lq Wdeoh
41 Uhphpehu wkdw { � lv dozd|v rswlpdo lq frqfdyh prghov1

+{ � > �+{ � ,, rswlpdo +{ � > �+{ � ,, qrq0rswlpdo
Orfdo fdqrqlfdo g|qdplfv dw { � qrgh qrgh ru vsludo

Wkuhvkrog frlqflghv zlwk { � Vnled srlqw> w|slfdoo| 9@ { �
Rswlpdo frqwuro qr mxps dw wkh wkuhvkrog w|slfdoo| mxpsv dw wkh wkuhvkrog

Fdqglgdwh ydoxh ixqfwlrqv �Y frlqflgh zlwk wkh wuxh Y w|slfdoo|/ vhyhudo �Y 9@ Y
Wdeoh 4= Pdlq surshuwlhv ri wkh xqvwdeoh vwhdg|0vwdwh { � dqg ri wkh wkuhvkrog

Lw lv lpsruwdqw wr qrwh wkdw wkh rswlpdo vroxwlrq grhv qrw vdwlvi| wkh �uvw0
rughu frqglwlrqv +7,0+9, qrw rqo| dw wkh Vnled srlqw/ exw dovr lq dq +xqnqrzq,
qhljkerukrrg ri wklv srlqw1 Wkh h{dfw vl}h ri wkh qhljkerukrrg fdq rqo| eh
ghwhuplqhg qxphulfdoo|1 Iru d joredo dqdo|vlv ri wkh wuxo| rswlpdo wudmhfwrulhv
derxw wkh Vnled srlqw vhh Zdjhqhu +5336,1
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6 Wkuhvkrogv dqg qhfhvvdu| frqglwlrqv
Lq wklv vhfwlrq/ zh fodvvli| dqg frpsduh wkh qhfhvvdu| frqglwlrqv iru gl�huhqw
w|shv ri wkuhvkrogv vhsdudwlqj rswlpdo wudmhfwrulhv wrzdugv gl�huhqw vwdwlrqdu|
vroxwlrqv1 Iru wkh frqvlghuhg fodvv ri sureohpv S +{ m ,/ frqyh{lw| ru dw ohdvw qrq0
frqfdylw| lv xvxdoo| frqvlghuhg wr eh wkh yhu| surshuw| wkdw fdxvhv wkh orqj0whup
ehkdylru wr ghshqg rq wkh lqlwldo vwdwh/ l1h1/ wkdw ohdgv wr klvwru| ghshqghqfh1
Wklv klvwru| ghshqghqfh gxh wr *lqfuhdvlqj uhwxuqv*/ *srvlwlyh ihhgedfnv*/ hwf1/
sod|v d fhqwudo uroh lq pdq| srolf| uhodwhg glvfxvvlrqv/ udqjlqj dprqj rwkhuv
iurp wkh fkrlfh ri d whfkqrorj| wr gl�huhqfhv lq hfrqrplf ghyhorsphqw1 Wkh
�uvw vxevhfwlrq uhylhzv wklv wudglwlrqdo urdg wr pxowlsoh vwhdg|0vwdwhv1 Wkh qh{w
vxevhfwlrq gudzv dwwhqwlrq wr wkh idfw wkdw wklv lv qrw wkh rqo| urxwh dqg wkdw
d vwulfwo| frqfdyh iudphzrun grhv qrw uxoh rxw klvwru| ghshqghqw rxwfrphv �
d uhvxow wkdw pd| dsshdu vxusulvlqj dqg/ lq dq| fdvh/ kdv ehhq odujho| ryhu0
orrnhg li qrw qhjdwhg lq lq xhqwldo hfrqrplf olwhudwxuh1 D vhsdudwh vxevhfwlrq
lv ghyrwhg wr wkh frpsdulvrq ri wkhvh wzr gl�huhqw jhqhudwlqj phfkdqlvpv iru
pxowlsoh vwhdg|0vwdwhv � wkh frpprq ghqrplqdwru ehwzhhq wkh wzr ehlqj wkdw
wkh h{lvwhqfh ri dq xqvwdeoh vwhdg|0vwdwh lv d qhfhvvdu| frqglwlrq iru klvwru|
ghshqghqfh1 Krzhyhu/ ehiruh frpsdulqj wkh wzr phfkdqlvpv/ d vxevhfwlrq h{0
whqgv wkh dqdo|vlv wr wkh fdvh ri olqhdu frqwuro prghov1 Wkh odvw vxevhfwlrq
fxuvrulo| dgguhvvhv h{whqvlrqv wr kljkhu glphqvlrqdo v|vwhpv1

614 Frqyh{lw| dqg qrq0frqfdylw|
Wkh wkhruhwlfdo frqwulexwlrqv ri Vnled +4<:;, dqg Ghfkhuw dqg Qlvklpxud +4<;6,
kdyh vkdushqhg rxu xqghuvwdqglqj ri klvwru| ghshqghqw hyroxwlrqv gxh wr frq0
yh{lwlhv dqg qrq0frqfdylwlhv1 Rxu suhvhqwdwlrq ri wkhlu uhvxowv lv edvhg rq wkh
zhoo nqrzq Udpvh| prgho1 Lq wklv prgho/ x lv frqvxpswlrq/ I wkh xwlolw| iurp
frqvxpswlrq/ { wkh fdslwdo vwrfn/ dqg � lv wkh fdslwdo ghsuhfldwlrq udwh1 Wkh
sureohp S +{ m , wdnhv wkh irup=

vxsn
] t
m h u
v p I +x,gw> +;,

v=w= w{ @ i +{> x, @ �+{,� x� �{> { � 3> {+3, @ { m > +<,
zkhuh � lv wkh surgxfwlrq ixqfwlrq/ zlwk �+3, @ 3 dqg � z A 31 Wkh �uvw0rughu
frqglwlrqv +7,0+9, |lhog wkh idprxv Udpvh| uxoh=

� z @ u . �= +43,
Lq wkh vwdqgdug fdvh ri joredo glplqlvklqj uhwxuqv/ l1h1 zkhq � z=z ? 3 iru doo
{> wkh Udpvh| uxoh gh�qhv iru � vdwlvi|lqj wkh Lqdgd frqglwlrqv d xqltxh qrq0
wulyldo +l1h1/ 9@ 3, vwdeoh vwhdg|0vwdwh vlqfh � z lv prqrwrqlfdoo| ghfuhdvlqj dqg
udqjhv ryhu doo srvlwlyh uhdo qxpehuv1

Ohw qrz lqwurgxfh d qrq0frqfdylw| e| dvvxplqj wkdw wkh surgxfwlrq ixqfwlrq
lv orfdoo| frqyh{/ � z=z A 3 iru { ? �{> � z=z ? 3 iru { A �{/ vrph �{ A 3= Wkdw lv/
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ohw dvvxph lqfuhdvlqj uhwxuqv wr vfdoh iru vpdoo fdslwdo vwrfnv/ { ? �{1 Lq wkdw
fdvh/ wkh Udpvh| uxoh doorzv iru wzr vwhdg|0vwdwhv { � dqg { � / zlwk { � ? { � 1
Wkh orzhu vwhdg|0vwdwh { � olhv lq wkh frqyh{ grpdlq ri �/ { � ? �{1 Wkh xsshu
vwhdg|0vwdwh { � olhv lq wkh frqfdyh grpdlq/ { � A �{1 Ri wkhvh wzr vwhdg|0vwdwhv/
wkh rqh lq wkh frqyh{ grpdlq/ { � > lv xqvwdeoh1 Dowkrxjk wkh sdlu +{ � > �+{ � ,,
vdwlv�hv wkh �uvw0rughu frqglwlrqv +7,0+9,/ lw lv qrw rswlpdo1 Wkxv/ wkhuh h{lvwv d
Vnled wkuhvkrog { � wkdw vhsdudwhv wzr grpdlqv ri dwwudfwlrq wrzdugv wkh qrq0
wulyldo vwhdg|0vwdwh { � uhvshfwlyho| wrzdugv wkh wulyldo vwhdg|0vwdwh { ~ @ 31
Wkdw lv/ {+w, $ { � iru { m A { � > dqg +dv|pswrwlfdoo| iru I vdwlvi|lqj wkh Lqdgd
frqglwlrqv, {+w, $ 3 iru { m ? { � 1 W|slfdoo|/ wkh Vnled wkuhvkrog { � olhv lq d
qhljkerukrrg ri wkh xqvwdeoh vwhdg|0vwdwh { � / exw grhv qrw frlqflgh zlwk lw=

Orfdoo| lqfuhdvlqj uhwxuqv wr vfdoh xqghuolh pdq| hfrqrplf prghov dqg duh
dujxdeo| wkh prvw w|slfdo fdxvh iru frqyh{lw| ru qrq0frqfdylw|/ vhh Vhfwlrq 81
Wkh hfrqrplf vrxufhv ri wkhvh lqfuhdvlqj uhwxuqv pd| dprqj rwkhuv dulvh iurp
�{hg frvwv lq sxeolf lqiudvwuxfwxuh dqg qhwzrunv +whohfrppxqlfdwlrqv/ h1j1,1
Pxowlsoh vwhdg|0vwdwhv duh wkhq srvvleoh li *dyhudjh* frvwv duh kljkhu iru vpdoo
wkdq iru odujh ydoxhv ri wkh vwrfn1 Lq wkh fdvh ri d whohskrqh qhwzrun/ iru
h{dpsoh/ wkh vwrfn lv wkh qxpehu ri xvhuv1 Li wklv qxpehu lv vpdoo/ wkh dyhudjh
�{hg frvwv shu xvhuv zloo eh w|slfdoo| pxfk kljkhu wkdq li lw zhuh odujh1

615 Wkuhvkrogv lq frqfdyh prghov
Wkh h{lvwlqj olwhudwxuh vwurqjo| vxjjhvwv wkdw wkh nlqg ri frqyh{lwlhv +ru/ dw ohdvw/
qrq0frqfdylwlhv, suhvhqwhg lq wkh odvw vxe0vhfwlrq duh qhfhvvdu| lq rughu wr rewdlq
pxowlsoh vwhdg|0vwdwhv1 Wr jlyh d surplqhqw h{dpsoh/ Duwkxu +4<;<e, vwdwhv wkdw
lqfuhdvlqj uhwxuqv jlyh ulvh wr orfn0lqv dqg wkxv wr klvwru| ghshqghqfh/ exw wkdw
wkh rxwfrph lv lqghshqghqw ri klvwru| li whfkqrorjlhv duh vxemhfw wr frqvwdqw ru
glplqlvklqj uhwxuqv1 Wkh sxusrvh ri wklv vxevhfwlrq lv wr fruuhfw wklv ryhudoo
shufhswlrq e| vkrzlqj wkdw pxowlsoh vwhdg|0vwdwhv dqg klvwru| ghshqghqfh duh
srvvleoh lq vwulfwo| frqfdyh lqwhu0whpsrudo rswlpl}dwlrq sureohpv1 Wzr hduo|
h{dpsohv fdq eh irxqg lq Nxu} +4<9;, dqg Olyldwdq dqg Vdpxhovrq +4<9<,1
Qrqhwkhohvv/ wklv srlqw kdv ehhq qhjohfwhg lq lpsruwdqw sduwv ri wkh vxevhtxhqw
olwhudwxuh1

Wkh iroorzlqj h{srvlwlrq gudzv rq Ihlfkwlqjhu dqg Zluo +5333,/ zkr ghulyh
wkh qhfhvvdu| frqglwlrq=

g �{
g{ @ i z . i n x z A 3 dw d vwhdg|0vwdwh +44,

iru wkh h{lvwhqfh ri dq xqvwdeoh vwhdg|0vwdwh dqg ri d wkuhvkrog zlwklq d frqfdyh
iudphzrun1 Wklv frqglwlrq fdq rqo| eh vdwlv�hg li dw d vwhdg|0vwdwh hlwkhu=

u A i z A 3 +45,
ru=

i n x z @ i n �K n z
K n<n A 3= +46,

;



Frqglwlrq +45, uhtxluhv *jurzwk*/ l1h1/ i z A 3 / exw ehorz wkh udwh ri glv0
frxqw1 Wkxv/ wkh vwdqgdug Udpvh| dqg wkh vwdqgdug uhqhzdeoh uhvrxufh prghov
gr qrw doorz iru dq xqvwdeoh vwhdg|0vwdwh/ vhh +43,1

Frqglwlrq +46, dovr uhtxluhv jurzwk/ exw wklv jurzwk lv qrz lqgluhfwo| lq0
gxfhg e| wkh rswlpdo frqwuro1 Wklv uhtxluhv wkdw wkh pl{hg ghulydwlyh fkdudfwhu0
l}lqj wkh vwdwh0frqwuro lqwhudfwlrqv eh wkh surshu pdjqlwxgh dqg vljq= K n z A 3
iru i n A 3/ rwkhuzlvhK n z A 31 Lq wklv uhjdug/ qrwh wkdw Nxu} +4<9;, hpskdvl}hv
wkh *jurzwk* frqglwlrq +45, = Vshfl�fdoo|/ kh lqwurgxfhv d zhdowk h�hfw lqwr wkh
vwdqgdug Udpvh| prgho ri rswlpdo jurzwk/ wkdw ohdgv wr dq xqvwdeoh vwhdg|0
vwdwh zlwk u A i z A 3= Rq wkh rwkhu kdqg/ zkloh vwduwlqj olnh Nxu} zlwk wkh
Udpvh| iudphzrun/ Olyldwdq dqg Vdpxhovrq +4<9<, dujxh wkdw dq h{whuqdolw| lv
qrw qhhghg dqg uho| rq wkh frqwuro0vwdwh lqwhudfwlrqv +46, wr lqvxuh wkh h{lvwhqfh
ri dq xqvwdeoh vwhdg|0vwdwh1

Wr ghprqvwudwh wkh xvhixoqhvv dqg wkh vlpsolflw| ri wkh Ihlfkwlqjhu0Zluo
dssurdfk/ dqg lq sduwlfxodu ri wkh jurzwk frqglwlrq +45,/ frqvlghu wkh wudglwlrqdo
Udpvh| prgho zlwk d vwulfwo| frqfdyh surgxfwlrq ixqfwlrq �= Dvvxph/ krzhyhu/
wkdw wkh xwlolw| ixqfwlrq lqfoxghv zhdowk h�hfwv dv lq Nxu} +4<9;, dqg Zluo
+4<<7,1 Lq wklv irupxodwlrq/ wkh wrwdo xwlolw| I lv wkh vxp ri wkh xwlolw| iurp
frqvxpswlrq y @ y +x, dqg ri d zhdowk h�hfw z @ z +{, > wkdw lv I @ y+x,.z+{,=
Wkh Udpvh| sureohp lv wkhq jlyhq e|=

vxsn
] t
m h u
v p +y+x, . z+{,,gw> +47,

v=w= w{ @ �+{,� x� �{> {+3, @ { m = +48,
Wkh vhsdudeoh vshfl�fdwlrq ri I dqg i uxohv rxw +46, dv d vrxufh iru dq

xqvwdeoh vwhdg|0vwdwh1 Zlwkrxw wkh zhdowk h�hfw/ wkh Udpvh| uxoh +43, pxvw
krog dw dq rswlpdo vwhdg|0vwdwh/ lpso|lqj wkdw wkh dowhuqdwlyh frqglwlrq +45,
fdqqrw eh vdwlv�hg hlwkhu1 Lqghhg/ wkh Udpvh| uxoh uhtxluhv � z @ u . �/ zkloh
+45, ghpdqgv � z ? u . �= Wkh zhdowk h�hfw/ krzhyhu/ lqfuhdvhv wkh vwdwlrqdu|
fdslwdo vwrfn/ wkxv ghfuhdvlqj � z dw wkh vwdwlrqdu| vroxwlrq1 Wkxv/ wkh prgho
zlwk zhdowk h�hfw vdwlv�hv wkh jurzwk frqglwlrq u A �
�z� z @ � z � � A 3 iru dq| {
ehwzhhq wkh wudglwlrqdo Udpvh| uxoh/ � z @ u.�> dqg wkh pd{lpxp vxvwdlqdeoh
frqvxpswlrq/ � z @ �1

Iurp wkh Kdplowrqldq=
K @ y+x, . z+{, . � ^�+{,� x� �{` +49,

rqh ghulyhv wkh �uvw0rughu frqglwlrqv iru lqwhulru vroxwlrqv=
y n � � @ 3> +4:,

�� @ +u . � �� z ,�� z z = +4;,
Xvlqj iru x lq wkh vwdwh htxdwlrq +48, wkh rswlpdo frqwuro x � ghwhuplqhg e|
wkh pd{lpxp sulqflsoh +4:,/ x � @ F+�,> F y @ 4@y n�n ? 3> |lhogv wkh fdqrqlfdo
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htxdwlrqv lq +{> �, vnhwfkhg lq wkh skdvh gldjudp ri Iljxuh 41 Wkh grzqzdugv
vorslqj fxuyh � @ z z @+u . � � � z , fkdudfwhul}hv wkh i �� @ 3j lvrfolqh1 Wkh
i �{ @ 3j lvrfolqh lv X0vkdshg zlwk lwv plqlpxp dw wkh srlqw zkhuh vwdwlrqdu|
frqvxpswlrq lv pd{lpl}hg +� z @ �,/ dqg srohv dw wkh srlqwv ri }hur frqvxps0
wlrq +{ @ 3 dqg �+{, @ �{, iru y vdwlvi|lqj wkh Lqdgd frqglwlrqv/ vxjjhvwlqj
wkh srvvlelolw| ri pxowlsoh vwhdg|0vwdwhv1 Vwudljkwiruzdug qxphulfdo h{dpsohv
frq�up wkdw pxowlsoh vwhdg|0vwdwhv fdq lqghhg dulvh � vhh h1j1 Kri dqg Zluo
+5333,1 Qrwh wkdw zlwk wkh suhvhqw prgho wkh xqvwdeoh vwhdg|0vwdwh { � lv do0
zd|v rswlpdo dqg frlqflghv zlwk wkh wkuhvkrog=

Iljxuh 4= Skdvh gldjudp ri wkh Udpvh| prgho zlwk zhdowk h�hfwv1
Vrph frpphqwdwruv kdyh fulwlfdoo| qrwhg wkdw frqglwlrqv +44,/ +45, dqg +46,

duh rqo| qhfhvvdu| iru pxowlsoh vwhdg|0vwdwhv1 Krzhyhu/ vr duh wkh idploldu frqgl0
wlrqv ri hlwkhu frqyh{lw| +zlwk uhvshfw wr wkh vwdwh, ru odfn ri +mrlqw, frqfdylw|1
Iru h{dpsoh/ wkh prgho ri vdylqj dqg jurzwk zlwk kdelw irupdwlrq ri Fduroo
hw do1 +5333, kdv d joredoo| qrq0frqfdyh xwlolw| ixqfwlrq � 1 \hw/ wkh orqj0uxq���l��� �����&���:�$�'�*��� �l�������$�=��� � �B� �Q�$� �Y�@��� �"�&�B�����=�� ��Y�&���5¡����&�����'�B¢
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rxwfrph lv xqltxh1

616 Prghov olqhdu lq wkh frqwuro
D prgho wkdw lv olqhdu lq wkh frqwuro/ K n�n @ 3/ kdv wkh vdph fdqrqlfdo htxdwlrq
v|vwhp wkdq lq wkh suhylrxv fdvh/ zlwk wkh rqo| prgl�fdwlrq wkdw wkh rswlpdo
frqwuro qrz ghshqgv glvfrqwlqxrxvo| rq wkh vwdwh dqg wkh fr0vwdwhv=

x @ x+{> �, @
�x
vlqjxodu duf li K n @ I n . �i n
x

A
@
?

3>

zkhuh x dqg �x ghqrwh orzhu dqg xsshu erxqgv rq wkh frqwuro/ x 5 X @ ^x> �x`1 D
vwhdg|0vwdwh lv ghwhuplqhg e| wkh lqwhuvhfwlrq ri wkh vlqjxodu duf/ K n @ 3> zlwk
wkh �� @ 3 lvrfolqh1 Wkh vlqjxodu duf lv gh�qhg e| � £0¤ ¥"¦ @ �I n @i n = Ehfdxvh ri
K n�n @ 3/ d frqfdyh Kdplowrqldq lpsolhv K n z @ 31 Wkxv/ � £*¤ ¥"¦ lv d frqvwdqw dqg
wkh �� @ 3 lvrfolqh lv prqrwrqlfdoo| ghfolqlqj1 Frqvhtxhqwo|/ pxowlsoh vwhdg|0
vwdwhv duh lpsrvvleoh lq d frqfdyh prgho/ vhh Ihlfkwlqjhu dqg Zluo +5333,1

\hw/ li wkhuh lv d orfdo frqyh{lw| zlwk uhvshfw wr wkh vwdwh/ pxowlsoh vwhdg|0
vwdwhv duh srvvleoh hyhq lq d vhsdudeoh prgho1 Eurfn +4<;6, surylghv d qlfh
h{dpsoh lq wkh frqwh{w ri oree|lqj dqg hqwu| ghwhuuhqfh1 Pruhryhu/ hyhq wkh
ploghu frqglwlrq ri d odfn ri mrlqw frqfdylw| doorzv iru pxowlsoh vwhdg|0vwdwhv
dqg klvwru| ghshqghqfh1 Dowkrxjk frqfdylw| zlwk uhvshfw wr wkh vwdwh lpsolhv
wkdw wkh �� @ 3 lvrfolqh lv prqrwrqlf/ d vlqjxodu duf ghshqglqj rq { pd| eh
vx!flhqw iru wkh lvrfolqhv wr lqwhuvhfw pruh wkdq rqfh1 Wklv fdq eh wkh fdvh
hyhq li wklv ghshqghqfh lv olqhdu/ wkxv suhvhuylqj frqfdylw| lq { exw qrw mrlqw
frqfdylw| lq { dqg x1 Wr uhfrjql}h lw/ frqvlghu wkh iroorzlqj vlpsoh h{dpsoh ri
uhqhzdeoh uhvrxufh h{wudfwlrq zlwk dq lqwhudfwlrq lq xwlolw| ehwzhhq wkh fdwfk
x dqg wkh elrpdvv {=

I @ �x. �{. �x{ dqg i @ j+{,� x> j+{, @ {+4� {,> +4<,
zkhuh j+{, lv wkh jurzwk ixqfwlrq iru wkh elrpdvv1 Wkh vlqjxodu duf vshfl�hv
wkh fr0vwdwh dv d olqhdu ixqfwlrq ri wkh vwdwh/ � £*¤ ¥"¦ @ � . �{1 Wkh gl�huhqwldo
htxdwlrq iru wkh fr0vwdwh lv jlyhq e|=

�� @ +u � j z ,�� �x� �=
Vxevwlwxwlqj wkh frqwuro wkdw hqvxuhv d vwhdg|0vwdwh/ x @ {+4 � {,/ lqwr wkh
gl�huhqwldo htxdwlrq iru wkh fr0vwdwh dqg vroylqj iru � ohdgv wr=

�� m �z�§
m @ 3 +, � @ � . �j+{,
u � j z =

D vwhdg|0vwdwh lv ghwhuplqhg e| wkh lqwhuvhfwlrq ri �� m �z�§
m @ 3 zlwk � £*¤ ¥"¦ = Iru
d surshu fkrlfh ri wkh sdudphwhuv/ wkhuh fdq eh wzr srvlwlyh vwhdg|0vwdwhv/ vhh
Iljxuh 51
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Iljxuh5= Skdvh gldjudp iru +4<,
dw wkh sdudphwhu ydoxhv u @ 4=8> � @ 3=8> � @ 3=38> � @ 83=

617 Frpprq ihdwxuhv dqg gl�huhqfhv
Wkh hfrqrplf lpsolfdwlrqv ri pxowlsoh vwhdg|0vwdwhv/ dv zh mxvw glvfxvvhg wkhp/
dsshdu odujho| lqghshqghqw ri wkh txhvwlrq zkhwkhu ru qrw wkh xqghuo|lqj prgho
lv frqfdyh1 Lq dq| fdvh/ li wkh fdqrqlfdo v|vwhp h{klelwv pxowlsoh vwhdg|0vwdwhv/
wkhuh h{lvwv d wkuhvkrog/ wkdw lv/ d +vhw ri, fulwlfdo ydoxhv ri wkh vwdwh { zlwk
wkh iroorzlqj surshuw|= Wkh rswlpdo orqj0uxq rxwfrph lv gl�huhqw ghshqglqj
rq zklfk vlgh ri wkh wkuhvkrog wkh fxuuhqw vwdwh olhv1 Lq wkh fdvh ri d rqh0
glphqvlrqdo v|vwhp/ lw zloo eh rswlpdo wr ohw { jurz li lwv fxuuhqw ydoxh olhv rq
wkh rqh vlgh/ wr ohw lw ghfolqh li lw olhv rq wkh rwkhu vlgh ri wkh wkuhvkrog1

Qrqhwkhohvv/ wkhuh duh lpsruwdqw gl�huhqfhv ehwzhhq wkh xqvwdeoh vwhdg|0
vwdwhv wkdw dulvh lq wkh frqfdyh dqg qrq0frqfdyh fdvhv � uhfdoo Wdeoh 41 Lq rughu
wr uhfrjql}h wkhp/ ohw xv �uvw lqyhvwljdwh wkh hljhqydoxhv ri wkh Mdfreldq ri wkh
fdqrqlfdo htxdwlrqv1 Iru wkh vfdodu vwdwh/ vfdodu frqwuro rswlpdo frqwuro prgho
frqvlghuhg khuh/ wkh hljhqydoxhv ri wklv Mdfreldq duh lqyduldeo| uhdo iru d frqfdyh
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Kdplowrqldq/ vhh Ihlfkwlqjhu dqg Zluo +5333,1 Wkxv/ lq wkh frqfdyh fdvh/ dq|
xqvwdeoh vwhdg|0vwdwh lv d qrgh1 Lq wkh qrq0frqfdyh ru frqyh{ fdvhv/ erwk d
qrgh dqg d vsludo duh srvvleoh1 Wkdw lv/ wkh w|sh ri orfdo g|qdplfv durxqg wkh
xqvwdeoh vwhdg|0vwdwhv/ qrgh ru vsludo/ grhv qrw doorz iru surshuo| gl�huhqwldwlqj
ehwzhhq wkh frqfdyh dqg wkh qrq frqfdyh2frqyh{ fdvhv1 Qrqhwkhohvv/ pxfk
ri wkh hfrqrplf olwhudwxuh rq qrq0frqfdyh dssolfdwlrqv qhjohfwv wkh srvvlelolw|
ri qrghv dqg dvvxph/ zlwkrxw yhuli|lqj zkhwkhu ru qrw lw lv wkh fdvh lq wkh
sduwlfxodu prgho frqvlghuhg/ wkdw wkh xqvwdeoh vwhdg|0vwdwhv duh vsludov ri wkh
fdqrqlfdo v|vwhp1

Dqrwkhu huuru frpprqo| hqfrxqwhuhg lv wkdw klvwru| ghshqghqfh qhfhvvdulo|
lqyroyhv d mxps lq wkh frqwuro dw wkh wkuhvkrog1 Wklv lv qrw jhqhudoo| wuxh1
D mxps lv lpsrvvleoh lq wkh frqfdyh fdvh/ vlqfh wkh rswlpdo frqwuro lv xqltxh1
Khqfh/ d mxps fdq rffxu rqo| lq qrq0frqfdyh dqg frqyh{ prghov1

Ilqdoo|/ wkh xqvwdeoh vwhdg|0vwdwhv duh dozd|v rswlpdo dqg lqyduldeo| frlqflgh
zlwk wkh wkuhvkrog lq wkh frqfdyh fdvh1 Lq wkh qrq0frqfdyh dqg frqyh{ fdvhv/
wklv lv xvxdoo| qrw wuxh1 Wkh xqvwdeoh vwhdg|0vwdwhv duh qrw rswlpdo dqg gr qrw
frlqflgh zlwk wkh wkuhvkrogv/ zklfk duh lq wkdw fdvh Vnled srlqwv1

Wkhvh odvw wzr srlqwv/ wkh +qrq, h{lvwhqfh ri d mxps dqg wkh frlqflghqfh
ru qrq0frlqflghqfh ri wkh wkuhvkrog srlqw zlwk dq xqvwdeoh vwhdg|0vwdwh/ fdq eh
ehvw looxvwudwhg lq whupv ri wkh fdqglgdwh ydoxh ixqfwlrqv �Y +{, gh�qhg lq Vhfwlrq
51 Vxssrvh wkhuh duh wkuhh vwhdg|0vwdwhv/ { ~ ? { � ? { � > zlwk { � xqvwdeoh1

Lq wkh fdvh ri d frqfdyh iudphzrun/ dq| fdqglgdwh ydoxh ixqfwlrq �Y +{, lv
joredoo| rswlpdo dqg xqltxh � wkdw lv/ lw lv wkh xqltxh wuxh ydoxh ixqfwlrq Y +{,
iru wkh sureohp ri lqwhuhvw/ vhh wkh xsshu gudzlqj lq Iljxuh 61 Wkhuhiruh/
wkhuh lv d xqltxh frqwuro wkdw vdwlv�hv wkh �uvw0rughu frqglwlrqv dw wkh xqvwdeoh
vwhdg|0vwdwh { � 1 Wklv frqwuro dqg +{ � > �+{ � ,, duh rswlpdo1

Lq d qrq0frqfdyh ru frqyh{ iudphzrun/ dw ohdvw wzr fdqglgdwhv iru wkh ydoxh
ixqfwlrq/ vd| �Y ~ dqg �Y � / h{lvw/ wkh �uvw ehlqj dvvrfldwhg zlwk { ~ dqg wkh
vhfrqg zlwk { � = Vlqfh wkh sureohp ri lqwhuhvw lv d pd{lpl}dwlrq/ rqh vkrxog
fkrrvh iru dq| jlyhq lqlwldo vwdwh { m wkh vroxwlrq wkdw |lhogv wkh kljkhvw srvvleoh
sd|r� vr wkdw wkh +e| gh�qlwlrq xqltxh, ydoxh ixqfwlrq lv jlyhq e| Y +{, @
vxs��Y ~ +{,> �Y � +{,�1 Wkhuhiruh/ li �Y ~ +{ m , ? �Y � +{ m ,/ wkhq lw lv rswlpdo wr
fkrrvh wkh rswlpdo frqwuro sdwk wkdw ohdgv xowlpdwho| wr { � > dqg li �Y ~ +{ m , A�Y � +{ m , wkh rqh ohdglqj wr { ~ 1 Dw wkh ydoxh { � zkhuh �Y ~ dqg �Y � lqwhuvhfw/
l1h1 iru zklfk �Y ~ +{ � , @ �Y � +{ � ,> rqh lv lqgl�huhqw ehwzhhq khdglqj wrzdugv
{ ~ ru wrzdugv { � 1 Li lqghhg vhyhudo fdqglgdwh ydoxh ixqfwlrqv gr h{lvw/ wkh
wkuhvkrog ydoxh { � zloo rqo| lqflghqwdoo| frlqflgh zlwk wkh xqvwdeoh vwhdg|0vwdwh
{ � 1 Pruhryhu/ +{ � > �+{ � ,, zloo qrw eh rswlpdo1 Wkdw lv/ wkh wkuhvkrog lq wklv
fdvh lv d Vnled srlqw { � 1 Wklv fdq eh vhhq e| vxevwlwxwlqj wkh vwdwlrqdu| frqwuro
vdwlvi|lqj wkh �uvw0rughu frqglwlrqv dvvrfldwhg zlwk { � lqwr wkh vwhdg|0vwdwh
htxdwlrq1 Wkh sd|r� dw wklv vwhdg|0vwdwh idoov vkruw ri wkh pd{lpxp/ vhh wkh
orzhu gudzlqj lq Iljxuh 61 Vlqfh wkh ydoxh ixqfwlrqv furvv dw { � > wkh ghulydwlyhv
ri wkh ydoxh ixqfwlrqv w|slfdoo| gl�hu1 Exw/ dffruglqj wr wkh Kdplowrq0Mdfrel0
Ehoopdq htxdwlrq/ wkh rswlpdo frqwuro ghshqgv rq wklv ghulydwlyh1 Wkxv/ lw
mxpsv dw { � 1
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Iljxuh 6= Frpsdulqj xqltxh +frqfdyh, dqg pxowlsoh fdqglgdwh ydoxh ixqfwlrqv1
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Dv phqwlrqhg hduolhu/ frqfdylw| lqvxuhv wkdw wkhuh lv d xqltxh frqwlqxrxv
fdqglgdwh ydoxh ixqfwlrq dqg wkxv/ wkdw wkh srolf| ixqfwlrq lv frqwlqxrxv1 Exw
zkdw fdq eh vdlg derxw wkh frqwlqxlw| ri wkh srolf| ixqfwlrq lq wkh qrq0frqfdyh
ru frqyh{ fdvhvB Pdwwhuv duh fohdu zkhq wkh xqvwdeoh vwhdg|0vwdwh lv d vsludo1 D
vlpsoh lqvshfwlrq ri wkh skdvh gldjudp vkrzv wkdw lq wkdw fdvh wkh vwhdg|0vwdwhv
fdqqrw eh frqqhfwhg e| d frqwlqxrxv srolf| ixqfwlrq1 Lqwhuhvwlqjo| hqrxjk/ wklv
lv qrw qhfhvvdulo| wuxh zkhq wkh xqvwdeoh vwhdg|0vwdwh lv d qrgh1 Frqvlghu wkh
uhodwlyh dgmxvwphqw frvw iudphzrun lq Ihlfkwlqjhu hw do1 +5334,=

vxsn
] t
m h u
v p ^y+{,� F+x{ ,`gw>

w{ @ x� �{> {+3, @ { m >
zkhuh y lv wkh frqfdyh jurvv sur�w ixqfwlrq/ { wkh fdslwdo vwrfn> x wkh jurvv
lqyhvwphqw/ F d frqyh{ frvw ixqfwlrq zlwk wkh udwlr ri uhsodfhg fdslwdo dv du0
jxphqw1 Wklv iudphzrun vhhpv sduwlfxoduo| zhoo vxlwhg wr wudfh rxw wkh udwkhu
vxewoh srlqwv zh duh dgguhvvlqj khuh/ ehfdxvh +d, lw lqvxuhv wkh h{lvwhqfh ri pxo0
wlsoh vwhdg|0vwdwhv +iru wkh txdgudwlf vshfl�fdwlrq y @ {� ¨x { x dqg F @ ¨x �

� nz � x >iru h{dpsoh/ wkh prgho dgplwv wkuhh vwhdg|0vwdwhv, dqg +e, wkh xqvwdeoh vwhdg|0
vwdwh fdq idoo lqwr wkh frqfdyh ru wkh qrq0frqfdyh grpdlq dqg eh hlwkhu d qrgh
ru d vsludo1 Lq wkh fdvh ri dq xqvwdeoh qrgh lq wkh qrq0frqfdyh grpdlq/ Kduwo
hw do1 +5336, suhvhqw d qxphulfdo h{dpsoh zlwk d skdvh gldjudp wkdw doorzv
iru d frqwlqxrxv frqqhfwlrq ehwzhhq wkh vwhdg|0vwdwhv/ vhh Iljxuh 71 Wkxv/ iru
vshfl�f ydoxhv ri wkh sdudphwhuv/ d xqltxh fdqglgdwh ydoxh ixqfwlrq pd| lqghhg
h{lvw1 Wklv srlqw fohduo| uhtxluhv ixuwkhu uhvhdufk1 Lq dq| hyhqw/ lw vxjjhvwv wkh
qhhg iru fruuhfwlqj wkh orrvh dqg riwhq huurqhrxv vwdwhphqwv irxqg lq wkh olw0
hudwxuh wkdw riwhq dvvxphv wkh h{lvwhqfh ri dq xqvwdeoh vsludo zlwkrxw fduu|lqj
rxw wkh qhfhvvdu| hljhqydoxhv dqdo|vlv1
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Iljxuh 7= Skdvh gldjudp iru wkh uhodwlyh dgmxvwphqw frvw iudphzrun/
txdgudwlf vshfl�fdwlrq/ � @ 6

5 > u @ 4> � @ 3=4=

618 Kljkhu rughu v|vwhpv
Zh frqvlghu rqo| vxfk wzr0glphqvlrqdo v|vwhpv/ { 5 U x > wkdw fdq eh ghulyhg
iurp rqh0glphqvlrqdo rqhv xvlqj wkh hpehgglqj dssurdfk ghyhorshg lq Ih0
lfkwlqjhu hw do1 +4<<7,1 Zlwk wklv dssurdfk/ wkh ruljlqdoo| rqh0glphqvlrqdo
sureohp lv wudqviruphg lqwr d wzr0glphqvlrqdo rqh e| lqwurgxflqj frqwuro dg0
mxvwphqwv frvwv/ ghqrwhg y1 Iru vlpsolflw|*v vdnh/ wkhvh frvwv duh dvvxphg khuh
wr eh txdgudwlf=

vxsnRo p0q'rRs
] t
m h u�v p

�
I +{> x,� 4

5fy x
�
gw> +53,

v=w= b{ @ i+{> x,> {+3, @ { m > bx @ y> x+3, @ x m > +54,

4:



Vlqfh y @ 3 dw d vwhdg|0vwdwh/ wkh ruljlqdo rqh0glphqvlrqdo dqg wkh ghulyhg
wzr0glphqvlrqdo sureohpv erwk kdyh wkh vdph vwhdg|0vwdwhv1

Dq xqvwdeoh vwhdg|0vwdwh ri wkh ruljlqdo sureohp uhpdlqv xqvwdeoh iru wkh
ghulyhg sureohp/ vlqfh ghw+M, A 3 +, ghw+ hM, ? 3> zkhuh M lv wkh ghwhuplqdqw
ri wkh fdqrqlfdo htxdwlrqv v|vwhp ri wkh ruljlqdo/ dqg hM wkh Mdfreldq ri wkh irxu0
glphqvlrqdo fdqrqlfdo htxdwlrqv v|vwhp ri wkh ghulyhg sureohp1 Lw lv lpsrvvleoh
wr vwdelol}h dq xqvwdeoh v|vwhp e| lqwurgxflqj dgmxvwphqw frvwv1

Wkh frqyhuvh lv qrw wuxh1 Dgmxvwphqw frvwv pd| ghvwdelol}h dq rwkhuzlvh
vwdeoh vwhdg|0vwdwh/ vhh Ihlfkwlqjhu hw do1 +4<<7,1 Lq sduwlfxodu/ lq wkh frqfdyh
fdvh/ dgmxvwphqw frvwv fdq wudqvirup d vwdeoh vwhdg|0vwdwh lqwr dq xqvwdeoh
vwhdg|0vwdwh ru lqwr d olplw f|foh +h1j1 d Krsi f|foh, li wkh jurzwk frqglwlrq
u A i z A 3 lv vdwlv�hg1 Wklv pd| dsshdu frxqwhu0lqwxlwlyh/ vlqfh dw wkh ruljlqdo
vwdeoh vwhdg|0vwdwh qr frqwuro dgmxvwphqwv duh qhfhvvdu|/ zkloh dw wkh ghulyhg
xqvwdeoh rqh frvwo| dgmxvwphqwv duh shupdqhqwo| qhhghg1

Wkxv/ wkhuh duh wzr srvvleoh fdxvhv iru wkh h{lvwhqfh ri dq xqvwdeoh vwhdg|0
vwdwh lq wkh ghulyhg sureohp= +d, wkh ruljlqdo sureohp kdv rqh> ru +e, wkh ruljlqdo
sureohp kdv d vwdeoh vwhdg|0vwdwh wkdw ehfrphv xqvwdeoh gxh wr wkh dgmxvwphqw
frvwv1 Wkh jurzwk frqglwlrq +44, pxvw eh vdwlv�hg lq erwk fdvhv1 Wkuhvkrogv
dqg klvwru| ghshqghqfh dulvh rqo| lq wkh �uvw fdvh +d,/ wkdw lv/ zkhq wkh ruljlqdo
vwhdg|0vwdwh lv xqvwdeoh/ ghw+M, A 31 Dv suhylrxvo| lqglfdwhg/ wklv lv wkh fdvh
li dqg rqo| li ghw+ hM, ? 31 Wkh vhfrqg urdg wr lqvwdelolw| +d, grhv qrw ohdg wr
wkuhvkrogv1

Wkh frqglwlrq iru dq xqvwdeoh vwhdg|0vwdwh/ ghw+ hM, ? 3> lv htxlydohqw wr
rqh hljhqydoxh ri wkh Mdfreldq ehlqj qhjdwlyh dqg wkh wkuhh rwkhuv hlwkhu ehlqj
srvlwlyh ru kdylqj srvlwlyh uhdo sduwv/ vhh Grfnqhu +4<;8,1 Khqfh/ dq xqvwdeoh
vwhdg|0vwdwh uhpdlqv frqglwlrqdoo| vwdeoh dorqj d rqh0glphqvlrqdo pdqlirog P
ri lqlwldo frqglwlrqv1 Wklv lv looxvwudwhg lq Iljxuh 8/ wkdw vkrzv d vlwxdwlrq zlwk
wzr +vdggoh0srlqw, vwdeoh vwhdg|0vwdwhv dqg dq xqvwdeoh rqh/ lqglfdwhg e| grwv1
Wkh xqvwdeoh vwhdg|0vwdwh fdq eh uhdfkhg iurp dq| lqlwldo frqglwlrq dorqj wkh
grwwhg olqh/ wkdw lv/ iurp dq| srlqw rq wkh pdqlirog P 1 Wklv h{whqgv e| rqh
glphqvlrq wkh zhoo0nqrzq surshuw| wkdw lq wkh rqh0glphqvlrqdo fdvh wkh v|vwhp
uhpdlqv dw wkh wkuhvkrog li lw vwduwv wkhuh1 Lq d frqfdyh iudphzrun/ xqvwdeoh
vwhdg|0vwdwhv duh rswlpdo/ vr wkdw wkh pdqlirog P lv dovr wkh wkuhvkrog wkdw
vhsdudwhv wkh grpdlqv ri dwwudfwlrqv ri wkh vwdeoh vwhdg|0vwdwhv1

Iru d frqyh{ prgho/ vlploduo| wr wkh rqh0glphqvlrqdo fdvh/ wkh wkuhvkrog lv
jlyhq e| wkh lqwhuvhfwlrq ri wkh fdqglgdwh ydoxh ixqfwlrqv dvvrfldwhg zlwk wkh
orqj0uxq rxwfrphv1 Wkh surmhfwlrq ri wklv lqwhuvhfwlrq rqwr wkh vwdwh vsdfh/ d
rqh0glphqvlrqdo pdqlirog/ lv wkh Vnled wkuhvkrog wkdw vhsdudwhv wkh grpdlqv ri
dwwudfwlrqv ri wkh vwdeoh vwhdg|0vwdwhv1 Wklv wkuhvkrog fdq gl�hu iurp wkh rqh0
glphqvlrqdo pdqlirog P / li wkh xqvwdeoh vwhdg|0vwdwh dqg wkh fruuhvsrqglqj
vwdwlrqdu| frqwuro duh qrw rswlpdo1
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Iljxuh 8= Wkuhvkrogv lq wzr0glphqvlrqdo prghov1

Wkxv/ wkh frqfhsw ri d vhsdudwlqj wkuhvkrog ehwzhhq vwdeoh vwhdg|0vwdwhv
gh�qhg iru rqh0glphqvlrqdo prghov h{whqgv qdwxudoo|/ dqg gluhfwo| wr wkh fdvh
ri wzr glphqvlrqv1 Wkh pdlq gl�huhqfh lv wkdw lw lv qr orqjhu d srlqw/ exw d fxuyh/
wkdw vhsdudwhv wkh grpdlqv ri dwwudfwlrqv1 Dovr/ lq wkh rqh0glphqvlrqdo fdvh/ wkh
rswlpdo srolf| lv qhfhvvdulo| xqltxh rq wkh uljkw dqg rq wkh ohiw ri d Vnled srlqw1
Wzr glphqvlrqdo Vnled wkuhvkrogv/ e| frqwudvw/ fdq vhsdudwh vhyhudo urdgv wr
wkh vdph htxloleuld1 Ilqglqj wkh vhsdudwlqj fxuyh lv idluo| vwudljkwiruzdug lq
wkh frqfdyh fdvh/ exw qrw wulyldo/ vlqfh lw lv wkh vwdeoh pdqlirog dvvrfldwhg zlwk
wkh xqvwdeoh vwhdg|0vwdwh1 Li wkh prgho lv qrw frqfdyh/ lwv frpsxwdwlrq lv hyhq
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pruh lqyroyhg/ dv vkrzq lq wkh qh{w vhfwlrq1

7 Qxphulfdo Phwkrgv iru Ghwhfwlqj Vnled Srlqwv
D uljrurxv vwxg| ri d g|qdplf prgho zlwk pxowlsoh vwhdg|0vwdwhv uhtxluhv orfdw0
lqj wkh wkuhvkrogv dqdo|wlfdoo|1 Zkhq wkhvh wkuhvkrogv duh Vnled srlqwv/ wkhuh
lv qr dssursuldwh �orfdo� htxdwlrq wr gh�qh wkhp1 Lq wklv fdvh/ wkh Vnled srlqwv
kdyh wr eh ghwhuplqhg qxphulfdoo|1 Lq wklv vhfwlrq/ zh suhvhqw wkuhh phwkrgv
wkdw fdq eh xvhg wr wkdw sxusrvh1

Wkh �uvw phwkrg xvhv wkh Kdplowrq0Mdfrel0Ehoopdq +KME, htxdwlrq wr
vroyh wkh edvlf frqwuro sureohp S +{ m , qxphulfdoo|1 Zh vxppdul}h wkh fruuh0
vsrqglqj dojrulwkp dv dssolhg e| Vhppohu dqg Vlhyhnlqj +4<<<,1 Wklv dojr0
ulwkp/ gxh wr Eurrnv Ihuhehh/ lpsolhv wkuhh vwhsv=

41 Wkh �uvw vwhs frqvlvwv lq �qglqj doo wkh vwhdg|0vwdwhv { © > l @ 4> 5> ==== Wr
gr vr/ frpsxwh wkh rswlpdo ihhgedfn frqwuro x+{, wkdw zrxog nhhs { frq0
vwdqw ryhu wlph/ dqg gh�qh j+{, dv j+{, =@ I +{> x+{,,= Wr rewdlq wkh
vwhdg|0vwdwhv { © > xvh wkh hqyhorsh frqglwlrq iru wkh frqwlqxrxv0wlph frq0
wuro sureohp S +{ m ,=

uCi ª +{> x,Cx . j z +{, @ 3> +55,
zkhuh j z +{, =@ Cj+{,@C{> dqg vroyh iru wkh { © v= Uhphpehu wkdw lq d qrq0
frqfdyh sureohp qrw doo +{ © > �+{ © ,,v duh qhfhvvdulo| rswlpdo1

51 Lq d vhfrqg vwhs/ xvh wkh �uvw0rughu frqglwlrqv iru d pd{lpxp z1u1w1 x ri
wkh uljkw0kdqg0vlgh ri wkh vwdwlrqdu| KME0htxdwlrq=

uY +{, @ vxs ^I +{> x, . Y z +{,i+{> x,` +56,
wr rewdlq/ li srvvleoh/ dq h{solflw h{suhvvlrq iru Y z +{, dv d ixqfwlrq ri {
dqg Y +{, =

Y z +{, @ J+Y +{,> {,> +57,
zkhuh Y z +{, lv wkh ghulydwlyh ri Y +{, zlwk uhvshfw wr {= Iru hdfk vwhdg|0
vwdwh { © / vroyh wkh gl�huhqwldo htxdwlrq +57, xvlqj dv erxqgdu| frqglwlrq=

Y +{ © , @
t]
m

h u
v p j+{ © ,gw @ 4
u j+{ © ,> +58,

wkxv rewdlqlqj vroxwlrqv �Y © ri +57,1
61 Doo wkh vroxwlrqv rewdlqhg xqghu vwhs 5 vdwlvi| wkh vwdwlrqdu| KME0htxdwlrq/

wkdw lv/ wkh qhfhvvdu| frqglwlrqv iru d ydoxh ixqfwlrq1 Krzhyhu/ vlqfh wkh|
zhuh frpsxwhg vwduwlqj iurp vwhdg|0vwdwhv { © wkdw duh qrw qhfhvvdulo| rs0
wlpdo/ wkh| gr qrw dxwrpdwlfdoo| vdwlvi| wkh vx!flhqw frqglwlrqv1 Lq wkdw
vhqvh/ wkh| duh mxvw +orfdo, fdqglgdwhv iru wkh wuxh ydoxh ixqfwlrq1 Wkh
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Iljxuh 4= Iljxuh 9= Vnled srlqw dqg joredo g|qdplfv frpsxwhg wkurxjk wkh
KME0htxdwlrq1

vx!flhqw frqglwlrqv zloo eh vdwlv�hg dw dq| jlyhq { e| d vroxwlrq �Y © l��Y © +{, � �Y « +{,> doo m 9@ l= Wkh wuxh ydoxh ixqfwlrq Y +{, lv irxqg lq d wklug
vwhs e| vroylqj=

Y +{, @ vxs© �Y © = +59,

Lq rwkhu zrugv/ Y +{, lv gh�qhg slhfhzlvh e| wdnlqj wkh xsshu hqyhorsh ri wkh
gl�huhqw fdqglgdwh ydoxh ixqfwlrqv �Y © = Wkh Vnled srlqw+v, { � lv +duh, orfdwhg
zkhuh wkh vroxwlrq �Y © wkdw gh�qhv wkh xsshu hqyhorsh fkdqjhv/ wkdw lv/ dw wkh
lqwhuvhfwlrq ri fdqglgdwh vroxwlrqv �Y © > vhh Ilj1 91

Wkh pdlq dfklhyhphqw ri wklv dojrulwkp lv wr �qg wkh orfdwlrq ri wkh Vnled
srlqwv iurp wkh vroxwlrqv ri wkh KME0htxdwlrq1 Wkh rxwhu hqyhorsh gh�qhg e|
+59, ghwhuplqhv wkh rswlpdo joredo g|qdplfv/ wkdw lv/ wkh klvwru|0ghshqghqw
vroxwlrqv= Qrwh wkdw nqrzlqj Y shuplwv wr fdofxodwh wkh rswlpdo frqwuro x+{, lq
ihhgedfn irup xvlqj wkh KME0htxdwlrq1

Wkh vhfrqg phwkrg lv edvhg rq wkh pd{lpxp sulqflsoh dqg wkh Kdplo0
wrqldq1 Wkh qhfhvvdu| frqglwlrqv surylghg e| wkh Kdplowrqldq w|slfdoo| lpso|
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wkh g|qdplf surshuwlhv vkrzq lq Iljxuh :1

Iljxuh := Orfdo g|qdplfv derxw wkh fdqglgdwhv1

Dv vwuhvvhg wkurxjkrxw wklv sdshu/ wkh vwhdg|0vwdwh { ~ lv xvxdoo| d vdggoh0
srlqw/ { � lv dq xqvwdeoh qrgh ru irfxv/ dqg { � lv djdlq d vdggoh0srlqw1 Wkhuh
duh frqqhfwlqj ruelwv iurp { � wr { ~ dqg { � = Wkxv/ lq jhqhudo/ rqh fdq surfhhg
dv iroorzv wr rewdlq wkh joredo g|qdplfv iurp wkh Kdplowrqldq K+�, dvvrfldwhg
zlwk wkh sureohp S +{ m ,1

41 Frpsxwh wkh vwhdg|0vwdwhv { © 1
51 Frpsxwh wkh orfdo fdqrqlfdo g|qdplfv derxw wkh vwhdg|0vwdwhv { © 1
61 Frpsxwh wkh lqwhjudov dorqj wkh vwdeoh pdqlirog iurp wkh uljkw dqg iurp

wkh ohiw ri wkh plggoh xqvwdeoh vwhdg|0vwdwh1 Wkh lqwhuvhfwlrq ri wkh wzr
lqwhjudo fxuyhv lv wkh Vnled srlqw/ dv vkrzq lq Iljxuh ;1
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Iljxuh ;= Vnled srlqwv dqg joredo g|qdplfv frpsxwhg wkurxjk wkh
Kdplowrqldq1

Wkh srlqw zkhuh wkh wzr lqwhjudo fxuyhv lqwhuvhfw lv wkh Vnled srlqw { �
ehfdxvh dw wklv srlqw wkh sd|r�v iru jrlqj wr { ~ duh wkh vdph dv iru jrlqj wr
{ � 1 Dw wkh plggoh fdqglgdwh { � wkhuh duh w|slfdoo| wzr vroxwlrqv vdwlvi|lqj wkh
�uvw0rughu frqglwlrqv iru rswlpdolw|1 Krzhyhu/ rqh lv vxshulru wr wkh rwkhu1 Iru
ghwdlov/ vhh Eh|q hw do1 +5334,/ wkdw dovr lqglfdwh krz wr frpsxwh wkuhvkrogv lq
kljkhu glphqvlrqdo v|vwhpv1

Wklv vhfrqg phwkrg kdv ehhq vxjjhvwhg e| Vnled +4<:;,/ dqdo|wlfdoo| ixuwkhu
sxuvxhg e| Eurfn dqg Pdooldulv +4<;<, dqg Eurfn dqg Vwduuhw +4<<<,/ dqg qx0
phulfdoo| lpsohphqwhg e| Eh|q hw do1 +5334,/ dqg e| Kdxqvfkplhg hw do1 +5336,1
Dowkrxjk lw lv xvhixo iru frpsxwlqj wkh joredo g|qdplfv/ lw kdv vkruwfrplqjv1
Wkh suhflvlrq zlwk zklfk wkh Vnled srlqw fdq eh frpsxwhg ghshqgv fuxfldoo| rq
wkh dssur{lpdwlrq ri wkh frqqhfwlqj ruelwv/ wkdw lv/ ri wkh vwdeoh pdqlirogv iru
wkh vwhdg|0vwdwhv { ~ dqg { � dv vkrzq lq Iljxuh ;1 Lq rughu wr rewdlq wkh fruuhfw
lqwhjudov/ wkh frqqhfwlqj ruelwv vkrxog eh suhflvho| frpsxwhg rq julg srlqwv lq
wkh vwdwh vsdfh/ vwduwlqj iurp { � dqg prylqj ohiw wr { ~ dqg uljkw wr { � = Wkhvh
vkruwfrplqjv/ krzhyhu/ gr qrw zhljk khdylo| lq rqh0glphqvlrqdo sureohpv1

D wklug phwkrg/ g|qdplf surjudpplqj/ fdq dovr eh hpsor|hg wr frpsxwh
wkh Vnled srlqwv1 Xvlqj wkh frqwlqxrxv g|qdplf surjudpplqj htxdwlrq +:, lv
htxlydohqw wr lwhudwlqj rq wkh ydoxh ixqfwlrq1 Li wkh lwhudwlrq lv surshuo| grqh
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dqg frqyhujhv/ wkh ydoxh wkxv rewdlqhg zloo eh juhdwhu dw d qrq0rswlpdo vwhdg|0
vwdwh { © wkdq wkh ydoxh ri Y uhvxowlqj iurp dsso|lqj wkh rswlpdo ihhgedfn frqwuro
x+{ © , wkdw zrxog nhhs { @ { © frqvwdqw1 Wklv doorzv wr fkhfn wkh rswlpdolw| ri
wkh fdqglgdwh e| gluhfw lqvshfwlrq1

Jhqhulfdoo|/ wkh g|qdplf surjudpplqj phwkrg lv pruh h!flhqw dw �qglqj
vwurqj dwwudfwruv +iru h{dpsoh olplw f|fohv, wkdq dw ghwhfwlqj wkuhvkrogv ru Vnled
srlqwv/ vhh Vlhyhnlqj dqg Vhppohu +4<<:,1 Vwurqj dwwudfwruv duh qrw lq xhqfhg
vhyhuho| e| qxphulfdo huuruv vxfk dv urxqglqj lqdffxudflhv1 E| frqwudvw/ vxfk hu0
uruv fdq frqvlghudeo| lpsdlu wkh vhdufk iru d Vnled srlqw/ dv wklv vhdufk dprxqwv
wr qxphulfdoo| orfdwh d srlqw lq wkh vwdwh vsdfh zkhuh wkh frqwuro x vwduwv fkdqj0
lqj gluhfwlrq1 Wkh xvh ri g|qdplf surjudpplqj rq d julg iru wkh vwdwh dqg
frqwuro htxdwlrqv jhqhudwhv qxphulfdo urxqglqj huuruv wkdw sloh xs lq wkh lwhu0
dwlrq ri wkh ydoxh ixqfwlrq/ dqg dovr lpsdfw wkh frqwuro x= Wr uho| rq g|qdplf
surjudpplqj wr qxphulfdoo| �qg wkh Vnled srlqwv/ lw lv qhfhvvdu| wr kdyh wuxvw0
zruwk| hvwlpdwhv ri wkh dvvrfldwhg huuru erxqg1 Wkh sureohpv ri glvfuhwl}dwlrq
dqg hvwlpdwlrq ri huuru erxqgv duh glvfxvvhg lq Vhppohu dqg Vlhyhnlqj +4<<<,
dqg Ju qh dqg Vhppohu +5335,1 Wklv odvw sdshu ghprqvwudwhv wkh xvhixoqhvv
ri xvlqj dq dojrulwkp zlwk  h{leoh julg vl}h derxw wkh uhjlrq zkhuh wkh Vnled
srlqw lv h{shfwhg wr olh lq rughu wr h!flhqwo| �qg wkuhvkrogv wkurxjk g|qdplf
surjudpplqj1

714 D qxphulfdo h{dpsoh
Lq wklv vxe0vhfwlrq/ zh xvh wkh prgho zlwk uhodwlyh dgmxvwphqw frvw ri vhfwlrq
6171 wr vxppdulo| ghprqvwudwh wkh xvhixoqhvv ri wkh KME0htxdwlrq lq frpsxwlqj
ydoxh ixqfwlrqv dqg Vnled srlqwv1 Ghwdlov duh jlyhq lq Ndwr dqg Vhppohu +5334,1

Wkh suhvhqw ydoxh sureohp wr eh vroyhg lv=

Y +{, @ vxsn
] t
m h u
v p I +{> x,gw +5:,

@ vxsn
] t
m h u
v p iy+{,� F+x{,jgw> +5;,

v1w1 b{ @ x� �{> {+3, @ { m > +5<,
zkhuh y @ { � ¨x { x lv d frqfdyh jurvv sur�w ixqfwlrq/ { wkh fdslwdo vwrfn> x
wkh jurvv lqyhvwphqw/ dqg F+ n z , @ ¨x �

� n z � x d frqyh{ frvw ixqfwlrq zlwk uhodwlyh
dgmxvwphqw frvwv dv dujxphqw1 Wkxv=

I +{> x, @ {� 4
5{ x �

4
5�

�x
{
� x = +63,

Uhphpehu wkdw wkh prgho dgplwv wkuhh vwhdg|0vwdwhv/ dqg wkdw wkh xqvwdeoh
rqh fdq idoo lqwr wkh qrq0frqfdyh grpdlq1 Wklv lv wkh fdvh iru wkh sdudphwhu
ydoxhv xvhg lq wkh qxphulfdo frpsxwdwlrqv wr eh suhvhqwhg ehorz/ wkdw lv/ � @
53> � @ 3=4 dqg u @ 3=38=
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Iurp +5<, rqh uhfrjql}hv lpphgldwho| wkdw dw d vwhdg|0vwdwh x @ �{= Vxe0
vwlwxwlqj iru x lq +63, jlyhv wkh ixqfwlrq j+{, =

j+{, @ {� 4
5{ x �

4
5� x �= +64,

Wkh vwdwlrqdu| KME0htxdwlrq lv=

uY +{, @ vxsn ^I +{> x, . Y z +{,+x� �{,` +65,

@ vxsn
�
{� 4

5{ x �
4
5�

�x
{
� x . Y z +{,+x� �{,

�
= +66,

Dv suhylrxvo| vwdwhg/ zh fdq frpsxwh wkh ydoxh ixqfwlrqv dqg wkuhvkrogv lq
wkuhh vwhsv1

Vwhs 4= Lghqwli| wkh vwhdg|0vwdwhv { © 1 Iurp wkh hqyhorsh frqglwlrq=

uCI +{> x,
Cx . j z +{, @ 3 +67,

rqh rewdlqv=

x @ 4� {
u� { x = +68,

Xvlqj wkh vwdwlrqdulw| frqglwlrq x @ �{/ vhh +5<,/ wklv odvw htxdwlrq gh�qhv wkuhh
vwhdg|0vwdwhv=

{ © @
+3
¨$¬�­ ¨ u�®�vB¯<°x

> +69,

wkdw lv/ iru wkh sdudphwhu ydoxhv lqglfdwhg deryh=
{ ~ @ 3> { � @ 3=445:35> { � @ 3=;;:5<;=

Vwhs 5= Vroyh wkh vwdwlrqdu| KME htxdwlrq +65, vwduwlqj iurp deryh vwhdg|0
vwdwhv1 Iurp wkh �uvw rughu frqglwlrqv iru d pd{lpxp z1u1w1 x ri wkh UKV ri
+65, rqh rewdlqv=

Y z +{, @ � x
{ x = +6:,

Vxevwlwxwlqj +6:, lqwr +65, jlyhv diwhu vrph pdqlsxodwlrqv=

Y z +{, x � 5� �{Y z +{, . 5�{ � � � 5� u
{ x Y +{, @ 3= +6;,

Vroylqj +6;, lq whupv ri Y z +{, |lhogv wkh ruglqdu| gl�huhqwldo htxdwlrq lq {=

Y z +{, @ ��
{ 	

u
+��{ , x � +5�{ � � � 5�u{ x Y +{,, iru { � { © >

{ A { © > +6<,
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wkdw lv/ wkh ixqfwlrq J+Y +{,> {,> vhh +57,1
Zh vroyh wklv RGH xvlqj vrph lwhudwlyh phwkrg vwduwlqj dw wkh wkuhh vwhdg|0

vwdwhv { ~ > { � > dqg { � / wdnlqj dv lqlwldo ydoxhv=
Y +{ © , @ 4

u ^{ © �
4
5{ x© �

4
5�� x `> { © @ { ~ > { � > { � = +73,

Vwhs 6= Ilqg wkh joredo ydoxh ixqfwlrq1 Wkh gl�huhqw vroxwlrqv �Y ~ > �Y � dqg�Y � rewdlqhg e| vroylqj +6<,0+73, duh fdqglgdwh ydoxh ixqfwlrqv iru wkh sureohp
ri lqwhuhvw1 Qrwlfh wkdw +6<, lpsolhv wkdw vwduwlqj dw dq| vwhdg|0vwdwh { © wkhuh
duh wzr srvvleoh vroxwlrqv iru wkh RGH dqg wkxv wzr fdqglgdwh ydoxh ixqfwlrqv1
Wkh wuxh ydoxh ixqfwlrq lv jlyhq e| wkh xsshu hqyhorsh ri wkhvh fdqglgdwhv=

Y @ vxs ��Y ~ > �Y � > �Y � � = +74,
Wkh fdqglgdwh vroxwlrqv �Y ~ dqg �Y � wkdw gh�qh wkh xsshu hqyhorsh iru wkh

sureohp ri lqwhuhvw duh vkrzq lq wkh ohiw judsk ri Iljxuh <1 ± Wkxv/ wkh fdqglgdwh
ydoxh ixqfwlrq �Y ~ vwduwlqj dw { ~ @ 3 frlqflghv zlwk wkh wuxh ydoxh ixqfwlrq xqwlo
lw lqwhuvhfwv wkh fdqglgdwh �Y � dw wkh Vnled srlqw { � * 3=4351 Wkh fdqglgdwh�Y � lv wkh +surorqjdwlrq ri wkh, wuxh ydoxh ixqfwlrq iurp wklv srlqw rq1 Wkh
Vnled srlqw { � olhv lq wkh ylflqlw| ri { � @ 3=445:35/ exw grhv qrw frlqflgh zlwk
lw1 Wkhuh lv d glvfrqwlqxlw| lq wkh rswlpdo frqwuro dw wkh Vnled srlqw1 Wklv
glvfrqwlqxlw| lv fohduo| vhhq rq wkh uljkw judsk ri Iljxuh </ wkdw lv d eorz xs ri
wkh ohiw judsk durxqg { � 1

Iljxuh <= Ydoxh ixqfwlrq dqg rswlpdo frqwuro1

Wkh �jxuhv frq�up wkdw wkh xqvwdeoh vwhdg|0vwdwh { � @ 3=445:35 lv qrw
rswlpdo dqg gr qrw frlqflgh zlwk { � 1 Wkh rwkhu vwhdg|0vwdwhv { ~ @ 3 dqg²��l���5�B¡������ ��¡��Q�
³�¡�� �<�5´ �����6�Q� ������µ¶a· ¡��<��µ¶a· ¡����2�&���a¸"¹"�  �¡C�@��� �"�lº����B�'�e�$��»C���=�Q�$�����&� ��¼f¡�=�=��¡�»a� �a���'��¼��'¡�»a»C� ��¼Y¡�� ¼����'� �&�<»½º�� �Q�[¾��6���  <� �a¼��'� �[�&� ¿$��À@�&�$�fÁ�� ���a¡�����¸=�$»C»C� �$�CÂ>Ã�Ä�Ä�Ã"Ål¡�����$¡��&� � �$�l�&�$»C¡��&¹"�B¢
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{ � @ 3=;;:5<;/ rq wkh rwkhu kdqg/ duh rswlpdo dwwudfwruv1 Wklv odvw uhvxow/ ri
frxuvh/ fdq eh wulyldoo| lqihuuhg iurp wkh idfw wkdw rxu vlpsoh h{dpsoh dgplwv
h{dfwo| wkuhh vwhdg|0vwdwhv/ qdpho|/ rqh xqvwdeoh vwhdg|0vwdwh { � ehwzhhq wkh
wzr vwdeoh vwhdg|0vwdwhv { ~ dqg { � =

8 Hfrqrplf dssolfdwlrqv
Wkh uhfrjqlwlrq wkdw pxowlsoh vwhdg|0vwdwhv dqg klvwru| ghshqghqfh fdq uhdglo|
dulvh lq hfrqrplf prghov lv qrw qhz1 Krzhyhu/ iru d orqj wlph/ lqwhuhvw iru
vxfk pxowlsoh htxloleuld kdv ehhq idluo| vxegxhg1 Wr sxw lw fuxgho|/ pxowlsoh
vwhdg|0vwdwhv zhuh srolwlfdoo| lqfruuhfw lq wkh 4<93v dqg 4<:3v1 Pxfk h�ruw zdv
wkhuhiruh grqh e| dxwkruv vxfk dv Eurfn +4<:6/ 4<:7 h1j1 , wr gholqhdwh vx!flhqw
frqglwlrqv wkdw zrxog h{foxgh wkhp1 Rqo| lq wkh 4<;3v glg g|qdplf prghov zlwk
pxowlsoh vwhdg|0vwdwhv dqg klvwru| ghshqghqfh ehfdph idvklrqdeoh/ prwlydwhg
e| wkh frqwulexwlrqv ri Vnled +4<:;, dqg Ghfkhuw dqg Qlvklpxud +4<;6, dqg/
pruh lpsruwdqwo| shukdsv/ e| wkh lq xhqwldo exw lqh{dfw dvvhuwlrq ri Duwkxu
+4<;</ 4<<7e, wkdw lqfuhdvlqj uhwxuqv wr vfdoh ohdg wr rxwfrphv kljko| vhqvlwlyh
wr lqlwldo frqglwlrqv zkloh ghfuhdvlqj uhwxuqv hqvxuh xqltxhqhvv1

Pxowlsoh htxloleuld dqg klvwru| ghshqghqfh fdq rffxu lq d zlgh ydulhw| ri
irupdo iudphzrunv1 Lq wkh iroorzlqj/ zh jlyh d eulhi uhylhz ri hfrqrplf prghov
wkdw fruuhvsrqg irupdoo| wr rxu edvlf frqwuro sureohp zlwkrxw h{whuqdolwlhv
S +{ m ,/ dqg wkdw h{klelw pxowlsoh htxloleuld1

814 Lqwhuwhpsrudo rswlpl}dwlrq xqghu frqyh{0frqfdyh whfk0
qrorjlhv

Lq wkh fdvh ri h!flhqw hfrqrplhv wkh dvvxpswlrq ri orfdo qrq0frqfdylwlhv lv e| idu
wkh prvw frpprq fdxvh iru pxowlsoh vwhdg|0vwdwhv1 Rqh ri wkh vlpsohvw h{dpsohv
lv jlyhq e| wkh rqh0glphqvlrqdo prghov ri fdslwdo dffxpxodwlrq zlwk d frqyh{0
frqfdyh surgxfwlrq ixqfwlrq wkdw fdq eh irxqg/ dprqj rwkhuv/ lq wkh wkhru|
ri hfrqrplf ghyhorsphqw1 Lq wklv frqwh{w/ wkh k|srwkhvlv ri d frqyh{0frqfdyh
surgxfwlrq ixqfwlrq lv xvxdoo| mxvwl�hg e| wkh suhvhqfh ri vrfldo lqsxwv vxfk dv
lqvwlwxwlrqv ru kxpdq fdslwdo1 Wklv k|srwkhvlv lv uhvsrqvleoh iru wkh h{lvwhqfh
ri d Vnled srlqw ehwzhhq d vwdeoh kljk dqg d vwdeoh orz lqfrph vwhdg|0vwdwh1
Wkxv/ wkhvh prghov fdq h{sodlq wkh frh{lvwhqfh ri frxqwulhv zlwk orz dqg ri
frxqwulhv zlwk kljk shu fdslwd lqfrph dv uhvxowlqj vroho| iurp gl�huhqw lqlwldo
frqglwlrqv1 D zlgho| xvhg yhuvlrq ri d frqyh{0frqfdyh surgxfwlrq ixqfwlrq fdq
eh irxqg lq Vnled +4<:;, dqg D}duldglv dqg Gud}hq +4<<3,1 Æ Vlploduo|/ pxowlsoh
vwhdg|0vwdwhv fdq dulvh lq d rqh0fdslwdo0jrrg prgho li qrqolqhdu dgmxvwphqw frvwv
ri lqyhvwphqw duh dvvxphg dv lq Eodqfkdug +4<;6,/ vhh Vhppohu dqg Vlhyhnlqj
+4<<<,1 Pxowlsoh vwhdg|0vwdwhv fdq dovr dulvh lq d rqh0fdslwdo0jrrg prgho zkhq
wkh dgmxvwphqw frvw lv d qrqolqhdu ixqfwlrq ri wkh fkdqjh ri lqyhvwphqw dv/ iru
h{dpsoh/ lq Kdxqvfkplhg hw do1 +5336,1 Wklv odvw prgho lv d wzr0vwdwh0yduldeohvÇ�È �$���<��»C�6�&�&� �C�Q�$�'�&����´
�&���Q��»C�"���B� �eº�� �Q���Q���'�B�&����� ���BÉ:�$�$�&�e¡��'�f�����<�$�0�Q¡�¹��B��� ��Ê
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prgho/ vljql�fdqwo| frpsolfdwlqj wkh ghwhuplqdwlrq ri wkh wkuhvkrog/ zklfk lv
qrz wzr0glphqvlrqdo1

Wkh qrzdgd|v srsxodu lghd wkdw lqfuhdvlqj uhwxuqv wr vfdoh fdq eh uhvsrq0
vleoh iru pxowlsoh htxloleuld dqg klvwru| ghshqghqfh fdq eh wudfhg lq qxphurxv
dssolfdwlrqv eh|rqg wkh qduurz fruh ri hfrqrplfv1 Wr qdph d ihz/ Dowpdqq
+5333, dssolhv wklv lghd wr vrflrorj|/ Frzdq dqg Jxqe| +4<<9, wr shvw frqwuro/
dqg Nuxjpdq +4<<8, dqg Ixmlwd hw do1 +4<<<, wr hfrqrplf jhrjudsk|1

815 Shu fdslwd yduldeohv
Wkh xvh ri udwlrv ehwzhhq sulplwlyh yduldeohv pd| ohdg wr pxowlsoh htxloleuld1
Wkxv/ Vfkhoolqj +4<9:/ 4<:6, dvvxphv wkdw wkh suredelolw| wkdw dq djhqw hqjdjhv
lqwr dq loohjdo wudqvdfwlrq lqfuhdvhv zlwk wkh wrwdo qxpehu ri djhqwv wkdw hqjdjh
lq wkh wudqvdfwlrq1 Wklv uhvxowv lq wkuhh htxloleulxp srlqwv/ wzr vwdeoh erxqgdu|
rqhv � fruuhvsrqglqj uhvshfwlyho| wr d �fohdq� dqg wr d �gluw|� vrflhw| � dqg
dq xqvwdeoh lqwhulru rqh1 Lq wklv frqwh{w/ Dqgylj +4<<4, lqwurgxfhv zkdw kh
fdoov d Vfkhoolqj gldjudp wr h{sodlq revhuyhg yduldwlrqv lq fruuxswlrq iuhtxhqf|/
dqg jlyhv vhyhudo rwkhu h{dpsohv ri pxowlsoh htxloleuld lq wkh frqwh{w ri wkh hfr0
qrplfv ri fulph1 Zkloh wkhvh frqvlghudwlrqv duh hvvhqwldoo| vwdwlf/ Ihlfkwlqjhu hw
do1 +5335, rewdlq d vlplodu vwuxfwxuh ri orqj0uxq htxloleuld lq dq lqwhuwhpsrudo
prgho ri odz hqirufhphqw edvhg rq wkh prgho ri Fdxonlqv +4<<6,1 Wkh ohyho ri
hqirufhphqw ghshqgv rq wkh odz hqirufhphqw h�ruw uhodwlyh wr wkh vl}h ri wkh
srsxodwlrq ri r�hqghuv/ wkdw lv/ rq wkh shu fdslwd hqirufhphqw h�ruw � d phfk0
dqlvp wkdw kdv ehhq qdphg hqirufhphqw vzdpslqj lq wkh frqwh{w ri loolflw guxj
frqvxpswlrq � vhh Nohlpdq +4<<6,/ Fdxonlqv hw do1 +5333,/ Wudjohu hw do1 +5334,1
Wklv ghshqghqf| lpsolhv pxowlsoh vwhdg|0vwdwhv/ xqvwdeoh qrghv ru irfxvhv/ dqg
Vnled wkuhvkrogv1 Wkh uhvxow lv idluo| jhqhudo1 Wkh xvh lq wkh remhfwlyh ixqfwlrq
ri �shu fdslwd� txdqwlwlhv/ jhqhulfdoo| gh�qhg dv d frqwuro yduldeoh glylghg e| d
vwdwh yduldeoh/ xvxdoo| jhqhudwhv d frqyh{lw| ri wkh Kdplowrqldq zlwk uhvshfw wr
wkh vwdwh dqg pd| hdvlo| ohdg wr pxowlsoh htxloleuld1 Vhh Erulvry hw do1 +5333,/
Nruw hw do1 +4<<;,/ dqg Ihlfkwlqjhu dqg Wudjohu +5335, iru uhodwhg zrunv lq wkh
frqwh{w ri odz hqirufhphqw1 Dqrwkhu lqwhuhvwlqj �hog ri dssolfdwlrq ri wkh �shu
fdslwd� wkuhvkrog jhqhudwlqj phfkdqlvp duh uhodwlyh dgmxvwphqw frvwv/ vhh wkh
iudphzrun lq Ihlfkwlqjhu hw do1 +5334, dqg Kduwo dqg do1 +5336,1 Dv phqwlrqhg
lq Vhfwlrq 617/ wkh wkuhvkrogv lq wklv prgho fdq idoo lq wkh frqfdyh dv zhoo lq wkh
frqyh{ grpdlq1 Wkh prgho wkxv surylghv d olqn ehwzhhq wkh gl�huhqw wkuhvk0
rog jhqhudwlqj phfkdqlvpv1 Irupdoo| uhodwhg lv Jrxog*v +4<:3, vhfrqg gl�xvlrq
prgho/ dq hduo| iruhuxqqhu ri d prgho h{klelwlqj d Vnled srlqw1

816 Uhjxodwru| hfrqrplfv
G|qdplf frqyh{0frqfdyh prghov zlwk klvwru| ghshqghqw rxwfrphv fdq dovr eh
irxqg lq uhjxodwru| hfrqrplfv1 Eurfn dqg Ghfkhuw +4<;8, lqyhvwljdwh g|qdplf
Udpvh| sulflqj/ zlwk wkh lqwhuhvwlqj uhvxow wkdw wkh pdlqwhqdqfh ri d sxeolf
vhuylfh � vd|/ ri d udlourdg qhwzrun � ghshqgv rq wkh lqlwldo frqglwlrqv +sdv0
vhqjhu wudlqv doprvw glvdsshduhg lq Dxvwudold dqg wkh Xqlwhg Vwdwhv exw duh
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rpqlsuhvhqw lq Hxursh,1 Ixuwkhupruh/ wkh yldelolw| ri d vhuylfh grhv qrw lpso|
wkdw d sulydwh �up zloo pdlqwdlq wkh vhuylfh1 Sur�w pd{lpl}dwlrq pd| lpso| olt0
xlgdwlrq lq wkh orqj0uxq dowkrxjk d yldeoh dqg vwdeoh vwhdg|0vwdwh h{lvwv1 Wkhvh
surshuwlhv vwhp iurp frqyh{0frqfdyh ixqfwlrqv/ zlwk wkh frqyh{lw| uhvxowlqj
iurp orfdoo| lqfuhdvlqj uhwxuqv1 Dorqj vlplodu olqhv/ Ghfkhuw +4<;7, frqvlghuv
wkh idploldu Dyhufk0Mrkqvrq h�hfw1 Eurfn +4<;6, lqyhvwljdwhv d srvlwlyh sure0
ohp/ oree|lqj/ zlwklq d frqyh{0frqfdyh vhwwlqj1 Wkhlu prghov dvvxph +orfdoo|,
lqfuhdvlqj uhwxuqv wr vfdoh dqg wkxv vxssruw wkh idploldu uhvxowv ri pxowlsoh
vwhdg|0vwdwhv dqg Vnled srlqwv1

817 Prghov ri dgglfwlrq
Lq wkh frqwh{w ri dgglfwlrq/ wkh srvvleoh rffxuuhqfh ri wkuhvkrogv +*frog wxunh|v*,
vhsdudwlqj pxowlsoh vwhdg|0vwdwhv zdv douhdg| qrwhg e| Ehfnhu dqg Pxusk|
+4<;;,1 Krzhyhu/ wkh olqhdu0txdgudwlf iudphzrun xvhg e| wkhvh dxwkruv suh0
foxghg wkhlu pdwhuldol}dwlrq1 Qrw vr lq wkh pruh uhfhqw prghov ri Ruskdqlghv
dqg ]huyrv +4<<;,/ zkr xvh d jhqhudol}hg qrq0olqhdu iudphzrun zlwk frqyh{0
frqfdyh suhihuhqfhv1 Khuh/ wkuhh vwhdg|0vwdwhv h{lvw/ wkh plggoh rqh ehlqj xq0
vwdeoh1 Dw wkh orzhu vwhdg|0vwdwh/ wkhuh lv qr guxj frqvxpswlrq1 Dw wkh kljkhu
rqh/ wkhuh lv dgglfwlrq1 Gxh wr vpdoo vkrfnv lq guxj frqvxpswlrq ru wr wkh
lpsdfw ri hqirufhphqw srolflhv/ wkh v|vwhp fdq frqyhujh wrzdugv wkh rqh ru
wkh rwkhu ri wkhvh odvw wzr vwhdg|0vwdwhv1 Wkh wkuhvkrog vhsdudwlqj wkh rswlpdo
wudmhfwrulhv ohdglqj wr hlwkhu wkh orzhu ru wkh kljkhu vwdeoh vwhdg|0vwdwh grhv
qrw qhfhvvdulo| frlqflgh zlwk wkh plggoh xqvwdeoh rqh1 Iru d uhfhqw uhodwhg
frqwulexwlrq/ vhh Jdyulod hw do1 +5336,1

818 Prqhwdu| srolf| prghov
Vrph uhfhqw prqhwdu| srolf| prghov h{klelw vlplodu surshuwlhv/ vxfk dv Ehq0
kdele hw do1 +4<<;,1 Lq wklv prgho/ frqvxphuv* zhoiduh lv d�hfwhg srvlwlyho| e|
frqvxpswlrq dqg fdvk edodqfhv dqg qhjdwlyho| e| wkh oderu h�ruw dqg dq lq d0
wlrq jds iurp vrph wdujhw udwhv1 Wkh prgho dgplwv dq xqvwdeoh vwhdg|0vwdwh
vxuurxqghg e| wzr vwdeoh rqhv zlwk kljk uhvshfwlyho| orz lq dwlrq udwh1 Pruh0
ryhu/ wkhuh fdq eh lqghwhuplqdf| lq wkh vhqvh wkdw dq| lqlwldo frqglwlrq lq wkh
qhljkerukrrg ri rqh ri wkh xqvwdeoh vwhdg|0vwdwhv lv dvvrfldwhg wr dq rswlpdo
sdwk1 Wkh vdph nlqg ri g|qdplfv lv irxqg lq Juhlqhu dqg Vhppohu +4<<<,1

819 Uhqhzdeoh uhvrxufhv
G|qdplf prghov ri uhqhzdeoh uhvrxufhv zlwk wzr vwdwh yduldeohv fdq hdvlo| h{0
klelw pxowlsoh vwhdg|0vwdwhv1 Lq wkh wzr0uhvrxufhv prgho ri Vlhyhnlqj dqg Vhpp0
ohu +4<<:,/ wkh uhvrxufh g|qdplfv pd| kdyh dw ohdvw wkuhh vwhdg|0vwdwhv ghshqg0
lqj rq wkh w|sh ri lqwhudfwlrq ehwzhhq wkh uhvrxufhv � frpshwlwlyh/ suhgdwru0suh|
ru frrshudwlyh1 Khuh djdlq/ wkh plggoh vwhdg|0vwdwh lv xqvwdeoh/ zkloh wkh rxwhu
wzr duh vdggoh0srlqwv1 Vlploduo|/ pxowlsoh vwhdg|0vwdwhv kdyh ehhq vkrzq wr h{lvw
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lq hfrorjlfdo pdqdjhphqw sureohpv/ vhh Ohzlv dqg Vfkpdohqvhh +4<;5,/ Wdkyr0
qhq dqg Vdor +4<<9,/ Wdkyrqhq dqg Zlwkdjhq +4<<9,/ dqg Urqghdx +5334,1
Uhfhqwo|/ Eurfn dqg Vwduuhw +4<<<,/ Ghfkhuw dqg Eurfn +4<<<,/ Ð xvhv elixufd0
wlrq whfkqltxhv wr lqyhvwljdwh wkh rffxuuhqfh ri wkuhvkrogv lq wklv �vkdoorz odnh
prgho�1 Rqh ri wkh lqwhuhvwlqj uhvxowv ri klv yhu| wkrurxjk lqyhvwljdwlrq lv wkdw
dq xqvwdeoh vwhdg|0vwdwh fdq h{lvw dowkrxjk wkhuh lv qr wkuhvkrog � d srvvlelolw|
wkdw zdv suhylrxvo| wrwdoo| ljqruhg lq wkh olwhudwxuh1 Zkloh doo deryh sdshuv uho|/
lq wkh wudglwlrq ri Vnled +4<:;,/ rq d frqyh{0frqfdyh pd{lpl}dwlrq sureohp wr
jhqhudwh wkuhvkrogv d ihz/ h1j1 Zluo +5336,/ xvh d vwulfw frqfdyh iudphzrun wr
rewdlq wkuhvkrogv wkdw rwkhuv/ vxfk dv D|rqj Oh Ndpd +5334,/ ryhuorrn1

81: Uhodwhg prghov
Wkh hphujhqfh ri pxowlsoh htxloleuld lq g|qdplf rswlpl}dwlrq prghov lv hyhq
pruh iuhtxhqw li rqh uhod{hv wkh suhylrxvo| k|srwkhvlv wkdw doo srwhqwldo h{whuqdo0
lwlhv duh surshuo| lqwhuqdol}hg/ li wkhuh duh dqwlflsdwlrqv/ dqg2ru li rqh doorzv iru
vwudwhjlf lqwhudfwlrqv dprqj pxowlsoh ghflvlrq0pdnhuv � wkdw lv/ li rqh frqvlghuv
gl�huhqwldo jdphv udwkhu wkdq rswlpdo frqwuro sureohpv1

Wkh h{whuqdolw| urxwh lv/ iru h{dpsoh/ iroorzhg lq wkh hqgrjhqrxv jurzwk
olwhudwxuh lqlwldwhg e| Oxfdv +4<;;, dqg Urphu +4<<3, � vhh Fkdpoh| +4<<6,/
Ehqkdele dqg Shuol +4<<7,/ [lh +4<<7, dqg Odgurq0gh0Jxhydud hw do1 +4<<<,/
Vdqwrv +4<<<,/ dqg pdq| rwkhuv1 Lq wkhvh prghov/ wkh pxowlsoh vwhdg|0vwdwhv
surylgh dq h{sodqdwlrq iru wkh srvvlelolw| ri gl�huhqw jurzwk sdwkv dqg wkh
rffxuuhqfh ri �sryhuw| wudsv�1 Vhh D}duldglv +4<;9,/ Pduuhzlmn dqg Yhuehhn
+4<;6,1

Li wkhuh lv dq h{whuqdolw|/ udwlrqdo djhqwv zloo iruhfdvw lwv hyroxwlrq1 Ghshqg0
lqj xsrq wkh lqlwldo frqglwlrqv/ wklv fdq jlyh ulvh wr gl�huhqw h{shfwdwlrqv dqg
orqj0uxq rxwfrphv1 Wklv srlqw zdv �uvw pdgh lq Nuxjpdq +4<<4,1 D uhfhqw ds0
solfdwlrq wr FR5 shuplwv fdq eh irxqg lq Olvnl +5334,1 Dqrwkhu uhodwhg h{dpsoh
lv Duwkxu*v +4<<7d, zhoo0nqrzq Ho0Iduuro sureohp1

Lq gl�huhqwldo jdphv/ pxowlsoh ihhgedfn Qdvk htxloleulxp vwhdg|0vwdwhv fdq
dulvh hyhq lq wkh fdvh ri d olqhdu0txdgudwlf jdph zlwk rqh vwdwh yduldeoh1 Wklv
uhvxowv iurp wkh idfw wkdw wkh gl�huhqwldo htxdwlrq lpsolhg e| wkh Kdplowrq0
Mdfrel0Ehoopdq htxdwlrq odfnv d erxqgdu| frqglwlrq1 Wkh pxowlsolflw| ri htxl0
oleuld zdv �uvw qrwhg lq Wvxwvxl dqg Plqr +4<<3,1 Lq dq hduo| dssolfdwlrq/
Grfnqhu dqg Orqj +4<<6, dujxh wkdw d surshu fkrlfh ri qrqolqhdu vwudwhjlhv fdq
uhvroyh lq d qrq0frrshudwlyh zd| wkh wudjhg| ri wkh frpprqv1 Ohvv nqrzq lv
wkh h{lvwhqfh ri pxowlsoh rshq0orrs Qdvk htxloleuld/ lqfoxglqj wkh srvvlelolw| ri
olplw f|fohv/ vhh Zluo hw do1 +4<<:,1 Wkxv/ gl�huhqwldo jdphv doorz/ lq qrqolqhdu
vwudwhjlhv lq olqhdu txdgudwlf jdphv/ iru dq hqwluh idplo| ri vroxwlrqv1 Krzhyhu/
wkhuh lv qr klvwru| ghshqghqfh li rqh uhtxluhv wkh vwudwhjlhv wr eh vwdeoh1Ñ�¸"�6³"�$�'¡��<��´:�Q�������&�6³=� �����&� �C»C�$���Q� �����$��ÒB¸"��¡�� � �BºUÓR¡�¹��=Ò
��¡��:�$�&���<�'��¡e��� É:�$�&�$���Q� ¡��<¼�¡�»C��´ �'¡�»C�6Ôº
���&¹aÕ�Ö�×�� �$�l�6��¡��>¢�Â Ã�Ä�Ä�Ä=ÅQÀ=Ø�¡�¼��B���$�eÂ>Ã�Ä�Ä�Ù"Å�´ ���l� ���'�Q¡����$��¢
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9 Frqfoxvlrqv
Wklv sdshu kdv jlyhq d vwdwh0ri0wkh duw uhylhz ri wkh frqglwlrqv xqghu zklfk
pxowlsoh vwhdg|0vwdwhv fdq dulvh lq uhsuhvhqwdwlyh djhqwv g|qdplf rswlpl}dwlrq
prghov1 Lw kdv ghyhorshg d w|srorj| ri wkhvh frqglwlrqv/ fodul�hg wkh surshuwlhv
ri vwhdg|0vwdwhv dqg wkuhvkrogv wkdw pd| dulvh lq wkh gl�huhqw fdvhv/ dqg suh0
vhqwhg qxphulfdo dssurdfkhv wr vwxg| wkh prghov* joredo g|qdplfv dqg Vnled
wkuhvkrogv1 Rqh ri lwv pdlq frqwulexwlrqv/ ixuwkhupruh/ lv wr kdyh vwuhvvhg d
frpprqo| ljqruhg idfw1 Hyhq li wkhuh lv shuihfw iruhvljkw/ qr h{whuqdolwlhv/ dqg
vwulfw frqfdylw| +wkh hfrqrplvwv* zrunkruvh lq lqvxulqj xqltxhqhvv ri rswlpdo vr0
oxwlrqv,/ klvwru| ghshqghqfh lv srvvleoh1 Wkxv/ lw pd| eh d pxfk pruh shuydvlyh
skhqrphqrq lq hfrqrplfv wkdq xvxdoo| dvvxphg1 Hyhq lq d yhu| zhoo ehkdyhg
zruog/ wkh idu ixwxuh pd| eh yhu| gl�huhqw ghshqglqj rq wkh fxuuhqw frqglwlrqv1
Vlqfh wkh odwwhu duh frqvwdqwo| vxemhfw wr dfflghqwdo hyhqwv/ rwkhuzlvh vlplodu
hfrqrplhv qhhg qrw v|vwhpdwlfdoo| wdnh wkh vdph urdg1

Wkh uhvxowv suhvhqwhg khuh duh ydolg iru fhqwudoo| sodqqhg ru uhsuhvhqwdwlyh
djhqwv hfrqrplhv1 Sduwo|/ wkh| duh dovr ydolg iru gl�huhqwldo jdphv1 Li wkhuh duh
khwhurjhqrxv djhqwv/ wkh uhodwlrqvkls ehwzhhq lqglylgxdo rswlpdo dqg djjuh0
jdwh ehkdylru fdq eh gl�huhqw/ dqg srvvleo| pruh frpsolfdwhg/ wkdq ghvfulehg
khuh1 Zkloh doo hylghqfh vkrzv wkdw wdnlqj lqwr dffrxqw djhqwv* khwhurjhqhlw| lq0
fuhdvhv/ li dq|wklqj/ wkh vfrsh iru pxowlsoh vwhdg|0vwdwhv/ wkhlu surshu prgholqj
dqg dqdo|vlv lv wkh vxemhfw pdwwhu ri ixwxuh uhvhdufk1

: Uhihuhqfhv
Dowpdq/ P1 +5333,1 D ehkdylrudo prgho ri sdwk ghshqghqf|= wkh hfrqrplfv
ri sur�wdeoh lqh!flhqf| dqg pdunhw idloxuh1 Mrxuqdo ri Vrflr0Hfrqrplfv/ 5</
45:04781

Dqgylj/ M1 F1 +4<<4,1 Wkh hfrqrplfv ri fruuxswlrq= D vxuyh|1 Vwxgl hfr0
qrplfl/ 76/ 8:0<71

Duwkxu/ Z1 E1 +4<;<,1 Frpshwlqj whfkqrorjlhv/ lqfuhdvlqj uhwxuqv/ dqg orfn0
lq e| klvwrulfdo hyhqwv1 Hfrqrplf Mrxuqdo/ <</ 44904641

Duwkxu/ Z1 E1 +4<<7d,1 Lqgxfwlyh uhdvrqlqj dqg erxqghg udwlrqdolw|1 Wkh
Dphulfdq Hfrqrplf Uhylhz +Sdshuv dqg Surfhhglqjv,/ ;7/ 73907441

Duwkxu/ Z1 E1+4<<7e,1 Lqfuhdvlqj Uhwxuqv dqg Sdwk Ghshqghqfh lq wkh
Hfrqrp|1 Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv1

D|rqj Oh Ndpd/ D1 G1 +5334,1 Vxvwdlqdeoh jurzwk/ uhqhzdeoh uhvrxufhv dqg
srooxwlrq1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 58/ 4<4404<4;1

D}duldglv/ F1 +4<<9,1 Wkh hfrqrplfv ri sryhuw| wudsv1 Sduw rqh= Frpsohwh
pdunhwv1 Mrxuqdo ri Hfrqrplf Jurzwk 4/ 77<07;91

D}duldglv/ F1/ ) Gud}hq/ D1 +4<<3,1 Wkuhvkrog h{whuqdolwlhv lq hfrqrplf
ghyhorsphqw1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438 +5,/ 83408591

Ehfnhu/ J1 V1/ ) Pxusk|/ N1 P1 +4<;;,1 D wkhru| ri udwlrqdo dgglfwlrq1
Mrxuqdo ri Srolwlfdo Hfrqrp|/ <9/ 9:80:331
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Ehqkdele/ M1/ ) Shuol/ U1 +4<<7,1 Xqltxhqhvv dqg lqghwhuplqdf|= Rq wkh
g|qdplfv ri hqgrjhqrxv jurzwk1 Mrxuqdo ri Hfrqrplf Wkhru|/ 96 +4,/ 44604751

Ehqkdele/ M1/ Vfkplww0Jurkh/ V1/ ) Xuleh/ P1 +4<<;,1 Prqhwdu| srolf| dqg
pxowlsoh htxloleuld1 Hfrqrplf Uhvhdufk Uhsruwv/ F1 Y1 Vwduu Fhqwhu iru Dssolhg
Hfrqrplfv/ Qhz \run Xqlyhuvlw|/ UU <;0351

Ehuqdug/ D1E1/ ) Gxuodxi/ V1Q1 +4<<8,1 Frqyhujhqfh lq Lqwhuqdwlrqdo Rxw0
sxw1 Mrxuqdo ri Dssolhg Hfrqrphwulfv/ :4/ 49404:71

Eh|q/ Z1 M1/ Sdpsho/ W1/ ) Vhppohu/ Z1 +5334,1 G|qdplf rswlplvdwlrq dqg
Vnled vhwv lq hfrqrplf h{dpsohv1 Rswlpdo Frqwuro Dssolfdwlrqv dqg Phwkrgv
55/ 58405;31

Eodqfkdug/ R1 M1 +4<;6,1 Ghew dqg fxuuhqw dffrxqw gh�flw lq Eud}lo1 Lq=
S1 D1 Duphood/ U1 Gruqexvfk dqg P1 Revwihog +hgv,/ Ilqdqfldo Srolflhv dqg wkh
Zruog Fdslwdo Pdunhw= Wkh Sureohp ri Odwlq Dphulfdq Frxqwulhv +ss 4;:04<:,1
Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv1

Erulvry/ Y1/ Ihlfkwlqjhu/ J1/ ) Nu|d}klpvnll/ D1 +5333,1 Rswlpdo hqirufh0
phqw rq d sxuh vhoohu*v pdunhw ri loolflw guxjv/ Mrxuqdo ri Rswlpl}dwlrq Wkhru|
dqg Dssolfdwlrqv/ 439/ 40551

Eurfn/ Z1 D1 +4<:6,1 Vrph uhvxowv rq wkh xqltxhqhvv ri vwhdg|0vwdwhv lq
pxowl0vhfwru prghov ri rswlpxp jurzwk zkhq ixwxuh xwlolwlhv duh glvfrxqwhg/
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 47/ 868088<1

Eurfn/ Z1 D1 +4<:7,1 Prqh| dqg jurzwk= Wkh fdvh ri orqj0uxq shuihfw
iruhvljkw1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 48/ :830:::1

Eurfn/ Z1 D1 +4<;6,1 Sulflqj/ suhgdwlrq dqg hqwu| eduulhuv lq uhjxodwhg
lqgxvwulhv1 Lq= G1 V1 Hydqv +hg,/ Euhdnlqj Xs Ehoo +ss14<4055<,1 Dpvwhugdp=
Qruwk Kroodqg1

Eurfn/ Z1 D1/ ) Ghfkhuw/ G1 Z1 +4<;8,1 G|qdplf Udpvh| sulflqj1 Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz/ 59/ 89<08<41

Eurfn/ Z1 D1/ ) Pdooldulv/ D1 J1 +4<;<,1 Gl�huhqwldo Htxdwlrqv/ Vwdelolw|
dqg Fkdrv lq G|qdplfdo Hfrqrplfv1 Dpvwhugdp/ Qhz0\run/ R{irug/ Wrn|r=
Qruwk Kroodqg1

Eurfn/ Z1 D1/ ) Vwduuhww/ G1 +4<<<,1 Qrqfrqyh{lwlhv lq hfrorjlfdo sureohpv1
Plphr/ Xqlyhuvlw| ri Zlvfrqvlq1

Fduroo/ Fk1 G1/ Ryhuodqg/ M1/ ) Zhlo/ G1 Q1 +5333,1 Vdylqj dqg jurzwk zlwk
kdelw irupdwlrq1 Dphulfdq Hfrqrplf Uhylhz/ <3/ 67406881

Fdxonlqv/ M1S1 +4<<6,1 Orfdo guxj pdunhwv* uhvsrqvh wr irfxvhg srolfh hq0
irufhphqw1 Rshudwlrqv Uhvhdufk/ 74/ ;7;0;961

Fdxonlqv/ M1S1/ Gzrudn/ P1/ Ihlfkwlqjhu/ J1/ ) Wudjohu/ J1 +5333,1 Sulfh0
udlvlqj guxj hqirufhphqw dqg surshuw| fulph= D g|qdplf prgho1 Mrxuqdo ri
Hfrqrplfv/ :4/ 55:05861

Fkdpoh|/ F1 +4<<6,1 H{whuqdolwlhv dqg g|qdplfv lq prghov ri ohduqlqj ru
grlqj1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 67/ 8;6093<1

Frzdq U1/ ) Jxqe| Sk1 +4<<9,1 Vsud|hg wr ghdwk= Sdwk ghshqghqfh/ orfn0
lq dqg shvw frqwuro vwudwhjlhv1 Hfrqrplf Mrxuqdo/ 439/ 85408751

Ghfkhuw/ G1 Z1 +4<;7,1 Kdv wkh Dyhufk0Mrkqvrq h�hfw ehhq wkhruhwlfdoo|
mxvwl�hgB Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ ;/ 404:1
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Ghfkhuw/ G1 Z1/ ) Eurfn/ Z1 D1 +4<<<,1 Odnhjdph1 Plphr/ Xqlyhuvlw| ri
Zlvfrqvlq1 kwws=22ghfkhuw1hfrq1xk1hgx2uhvhdufk2odnhjdph1sgi1

Ghfkhuw/ G1 Z1/ ) Qlvklpxud/ N1 +4<;6,1 Frpsohwh fkdudfwhul}dwlrq ri
rswlpdo jurzwk sdwkv lq dq djjuhjdwlyh prgho zlwk d qrq0frqfdyh surgxfwlrq
ixqfwlrq�1 Mrxuqdo ri Hfrqrplf Wkhru|/ 64/ 66506871

Grfnqhu/ H1 M1 +4<;8,1 Orfdo vwdelolw| dqdo|vlv lq rswlpdo frqwuro sureohpv
zlwk wzr vwdwh yduldeohv1 Lq= J1 Ihlfkwlqjhu +hg,/ Rswlpdo Frqwuro Wkhru| dqg
Hfrqrplf Dqdo|vlv 5 +ss ;<0436,1 Dpvwhugdp= Qruwk Kroodqg1

Grfnqhu/ H1 M1/ ) Orqj/ Q1 Y1 +4<<6,1 Lqwhuqdwlrqdo srooxwlrq frqwuro= Fr0
rshudwlyh yhuvxv qrq0fr0rshudwlyh vwudwhjlhv1 Mrxuqdo ri Hqylurqphqwdo Hfr0
qrplfv dqg Pdqdjhphqw/ 58/ 4605<1

Gxuodxi/ V1Q1/ ) Mrkqvrq S1D1 +4<<8,1 Pxowlsoh Uhjlphv dqg Furvv0Frxqwu|
Jurzwk Ehkdylru1 Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 43/ 69806;71

Idudo/ H1 +4<7<,1 %Mhdq Exulgdq= Pdñwuh ìv duwv gh o*Xqlyhuvlwì gh Sdulv%1
Klvwrluh olwwìudluh gh od Iudqfh [[[YLLL +s1 7950938,1 Sdulv= Lpsulphulh Qd0
wlrqdoh1

Ihlfkwlqjhu J1/ Julhqdxhu/ Z1/ ) Wudjohu/ J1 +5335,1 Rswlpdo g|qdplf odz
hqirufhphqw1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk/ 474/ 8;09<1

Ihlfkwlqjhu J1/ Kduwo/ U1I1/ Nruw/ S1P1/ ) Zluo/ I1 +5334,1 Wkh g|qdplfv
ri d vlpsoh uhodwlyh dgmxvwphqw frvw iudphzrun1 Jhupdq Hfrqrplf Uhylhz/ 5/
588059;1

Ihlfkwlqjhu/ J1/ Qrydn/ D1/ ) Zluo/ I1+4<<7,1 Olplw f|fohv lq lqwhuwhpsrudo
dgmxvwphqw prghov 0 wkhru| dqg dssolfdwlrqv�/ Mrxuqdo ri Hfrqrplf G|qdplfv
dqg Frqwuro/ 4;/ 68606;31

Ihlfkwlqjhu/ J1/ ) Wudjohu/ J1 +5335,1 Pxowlsoh htxloleuld lq dq rswlpdo
frqwuro prgho iru odz hqirufhphqw1 Surfhhglqjv ri wkh Vwhnory Lqvwlwxwh ri Pdwk0
hpdwlfv/ 569/ 77<07931

Ihlfkwlqjhu J1/ ) Zluo/ I1 +5333,1 Lqvwdelolwlhv lq frqfdyh/ g|qdplf/ hfr0
qrplf rswlpl}dwlrq1 Mrxuqdo ri Rswlpl}dwlrq Wkhru| dqg Dssolfdwlrqv/ 43:/
5::05;;

Ixmlwd/ P1/ Nuxjpdq S1/ ) Yhqdeohv D1 M1 +4<<<,1 Wkh Vsdwldo Hfrqrp|1
Flwlhv/ Uhjlrqv/ dqg Lqwhuqdwlrqdo Wudgh1 Fdpeulgjh +Pdvv,= PLW Suhvv1

Jdyulod/ F1/ Ihlfkwlqjhu/ J1/ Wudjohu/ J1/ Kduwo/ U1I1/ ) Nruw/ S1P1 +5336,1
Sdwk0ghshqghqfh lq d udwlrqdo dgglfwlrq prgho1 Iruwkfrplqj lq Pdwkhpdwlfdo
Vrfldo Vflhqfhv1

Jrxog/ M1 S1 +4<:3,1 Gl�xvlrq surfhvvhv dqg rswlpdo dgyhuwlvlqj srolf|1
Lq= H1 V1 Skhosv hw do1 +hgv,/ Plfurhfrqrplf Irxqgdwlrqv ri Hpsor|phqw dqg
Lq dwlrq Wkhru| +ss 66;069;,1 Orqgrq= Pdfploodq1

Juhlqhu/ D1/ ) Vhppohu/ Z1 +5335,1 Prqhwdu| srolf|/ qrq0xqltxhqhvv ri
vwhdg| vwdwhv dqg k|vwhuhvlv h�hfwv1 Lq= Ukhlqkdug Qhfn +hg,/ Prgholqj dqg
Frqwuro ri Hfrqrplf V|vwhpv +ss1 656065;,1 R{irug= Hovhylhu Vflhqfh/ Owg1

Ju qh/ O1/ ) Vhppohu/ Z1 +5335,1 Xvlqj g|qdplf surjudpplqj zlwk dgds0
wlyh julg vfkhph iru rswlpdo frqwuro sureohpv lq hfrqrplfv1 Zrunlqj sdshu/
Fhqwhu iru Hpslulfdo Pdfurhfrqrplfv/ Xqlyhuvlw| ri Elhohihog1

Kduwo/ U1 I1/ Nruw/ S1P1/ Ihlfkwlqjhu/ J1/ ) Zluo/ I1 +5336,1 Pxowlsoh htxl0
oleuld dqg wkuhvkrogv gxh wr uhodwlyh lqyhvwphqw frvwv= Qrq0frqfdyh 0 frqfdyh/
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irfxv 0 qrgh/ frqwlqxrxv 0 glvfrqwlqxrxv1 Mrxuqdo ri Rswlpl}dwlrq Wkhru| dqg
Dssolfdwlrqv iruwkfrplqj1

Kdxqvfkplhg/ M1 O1/ Nruw/ S1 P1/ Kduwo/ U1 I1/ ) Ihlfkwlqjhu/ J1 +5336,1 D
GQV0fxuyh lq d wzr0vwdwh fdslwdo dffxpxodwlrq prgho= D qxphulfdo dqdo|vlv1
Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 5:/ :340:491

Kri/ I1 [1/ ) Zluo/ I1 +5333,1 Vwdwxv lq rshq hfrqrp| yhuvlrqv ri wkh
Udpvh| prgho1 Plphr/ Xqlyhuvlw| ri Ylhqqd1

Ndwr / P1/ ) Vhppohu/ Z1 +5334,1 Klvwru| ghshqghqfh dqg k|vwhuhvlv h�hfwv
lq dq lqyhvwphqw prgho zlwk dgmxvwphqw frvwv1 Zrunlqj sdshu/ Fhqwhu iru
Hpslulfdo Pdfurhfrqrplfv/ Xqlyhuvlw| ri Elhohihog1

Nohlpdq/ P1 D1 U1 +4<<6,1 Hqirufhphqw vzdpslqj= D srvlwlyh0ihhgedfn
phfkdqlvp lq udwhv ri loolflw dfwlylw|1 Pdwkhpdwlfdo dqg Frpsxwhu Prghoolqj/
4:/ 980:81

Nruw/ S1/ Ihlfkwlqjhu/ J1/ Kduwo/ U1 I1/ ) Kdxqvfkplhg/ M1 O1 +4<<;,1 Rswlpdo
hqirufhphqw srolflhv +fudfngrzqv, rq d loolflw guxj pdunhw1 Rswlpdo Frqwuro
Dssolfdwlrqv dqg Phwkrgv/ 4</ 49<04;71

Nuxjpdq/ S1 +4<<4,1 Klvwru| yhuvxv h{shfwdwlrqv1 Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ FYL / 984099:1

Nuxjpdq/ S1 +4<<8,1 Ghyhorsphqw/ Jhrjudsk|/ dqg Hfrqrplf Wkhru|1 Fdp0
eulgjh +Pdvv1, dqg Orqgrq= PLW Suhvv1

Nxu}/ P1 +4<9;,1 Rswlpdo hfrqrplf jurzwk dqg zhdowk h�hfwv1 Lqwhuqdwlrqdo
Hfrqrplf Uhylhz/ </ 67;068:1

Odgurq0gh0Jxhydud/ D1/ Ruwljxhlud/ V1/ ) Vdqwrv/ P1 V1 +4<<<,1 D wzr0vhfwru
prgho ri hqgrjhqrxv jurzwk zlwk ohlvxuh1 Uhylhz ri Hfrqrplf Vwxglhv/ 99/ 93<0
9641

Ohzlv/ W1 U1/ ) Vfkpdohqvhh/ U1 +4<;6,1 Rswlpdo xvh ri uhqhzdeoh uhvrxufhv
zlwk qrqfrqyh{lwlhv lq surgxfwlrq1 Lq= O1 M1 Plupdq dqg G1 I1 Vsxoehu +hgv,/
Hvvd|v lq wkh Hfrqrplfv ri Uhqhzdeoh Uhvrxufhv +ss <80444,1 Dpvwhugdp=
Qruwk Kroodqg1

Olvnl P1 +5334,1 Wklq yhuvxv wklfn FR5 pdunhw1 Mrxuqdo ri Hqylurqphqwdo
Hfrqrplfv dqg Pdqdjhphqw/ 74/ 5<806441

Olyldwdq/ Q1/ ) Vdpxhovrq/ S1 D1 +4<9<,1 Qrwhv rq wxuqslnhv= Vwdeoh dqg
xqvwdeoh1 Mrxuqdo ri Hfrqrplf Wkhru|/ 4/ 78707:81

Oxfdv/ U1 +4<;;,1 Rq wkh phfkdqlfv ri hqgrjhqrxv jurzwk1 Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 55/ 60751

Pdmxpgdu/ P1/ Plwud/ W1/ ) Qlvklpxud/ N1 +hgv, +5333,1 Rswlpl}dwlrq dqg
Fkdrv1 Ehuolq= Vsulqjhu1

Pçohu/ N1 J1 +5333,1 Ghyhorsphqw/ hfrorjlfdo uhvrxufhv dqg wkhlu pdqdjh0
phqw= D vwxg| ri frpsoh{ g|qdplf v|vwhpv�/ Mrvhsk Vfkxpshwhu Ohfwxuh/ Hx0
urshdq Hfrqrplf Uhylhz/ 77/ 97809981

Pçohu/ N1 J1/ [hsdsdghdv/ D1/ ) gh ]hhxz/ D1 +5333,1 Wkh hfrqrplfv ri
vkdoorz odnhv1 Suhsulqw/ Wkh Ehlmhu Lqwhuqdwlrqdo Lqvwlwxwh ri Hfrorjlfdo Hfr0
qrplfv/ kwws=22zzz1ehlmhu1nyd1vh2sxeolfdwlrqv2sgi0dufklyh2glvf4641sgi1

Pduuhzlmn/ F1Y1/ ) Yhuehhn/ M1 +4<<6,1 Rq rsxohqfh gulyhq sryhuw| wudsv1
Mrxuqdo ri Srsxodwlrq Hfrqrplfv/ 9/ 9:0;41
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Plfkdho/ E1 +4<;8,1 Mrkdqqhv Exulgdq= Vwxglhq }x vhlqhp Ohehq/ vhlqhq
Zhunhq xqg }xu Uh}hswlrq vhlqhu Wkhrulhq lp Hxursd ghv vsçwhq Plwwhodowhuv1
Lqdxjxudo0Glvvhuwdwlrq/ 5 yrov1 Ehuolq= Iuhlh Xqlyhuvlwçw Ehuolq1

Ruskdqlghv/ D1/ ) ]huyrv/ Y1 +4<<;,1 P|rsld dqg dgglfwlyh ehkdylrxu1
Hfrqrplf Mrxuqdo/ 43;/ :80<41

Urphu/ S1 +4<<3,1 Hqgrjhqrxv whfkqlfdo fkdqjh1 Mrxuqdo ri Srolwlfdo Hfrq0
rp|/ <; +8,/ :404341

Urqghdx/ G1 +5334,1 Dorqj wkh zd| edfn iurp wkh eulqn1 Mrxuqdo ri Hqyl0
urqphqwdo Hfrqrplfv dqg Pdqdjhphqw/ 75/ 48904;51

Vdqwrv/ P1 V1 +5335,1 Rq wkh qrq0h{lvwhqfh ri frqwlqxrxv Pdunry htxloleuld
lq frpshwlwlyh0pdunhw hfrqrplhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 438/ :60<;1

Vfkhoolqj/ W1 V1 +4<9:,1 Hfrqrplfv dqg fulplqdo hqwhusulvh1 Wkh Sxeolf
Lqwhuhvw/ :/ 940:;1

Vfkhoolqj/ W1 V1 +4<:6,1 Krfnh| khophwv/ frqfhdohg zhdsrqv/ dqg gd|oljkw
vdylqj= d vwxg| ri elqdu| fkrlfhv zlwk h{whuqdolwlhv1 Mrxuqdo ri Frq lfw Uhvr0
oxwlrq/ 4:/ 6;4075;1

Vhppohu/ Z1/ ) Vlhyhnlqj/ P1 +4<<<,1 Xvlqj yhfwru �hog dqdo|vlv iru vwxg|0
lqj ghew g|qdplfv1 Sdshu suhsduhg iru wkh Qruwk Dphulfdq Zlqwhu Phhwlqj ri
wkh Hfrqrphwulf Vrflhw|/ Fklfdjr1 Plphr/ Xqlyhuvlw| ri Elhohihog1

Vlhyhnlqj/ P1/ ) Vhppohu/ Z1 +4<<:,1 Wkh suhvhqw ydoxh ri uhvrxufhv zlwk
odujh glvfrxqw udwhv1 Dssolhg Pdwkhpdwlfv dqg Rswlplvdwlrq= Dq Lqwhuqdwlrqdo
Mrxuqdo/ 68/ 5;6063<1

Vnled/ D1 N1 +4<:;,1 Rswlpdo jurzwk zlwk d frqyh{0frqfdyh surgxfwlrq
ixqfwlrq1 Hfrqrphwulfd/ 79/ 85:086<1

Wdkyrqhq/ R1/ ) Vdor/ V1 +4<<9,1 Qrqfrqyh{lwlhv lq rswlpdo srooxwlrq dffx0
pxodwlrq1 Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw/ 64/ 49304::1

Wdkyrqhq/ R1/ ) Zlwkdjhq/ F1 +4<<9,1 Rswlpdolw| ri luuhyhuvleoh srooxwlrq
dffxpxodwlrq1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 53/ 4::804:<81

Wudjohu/ J1/ Fdxonlqv/ M1S1/ ) Ihlfkwlqjhu/ J1 +5334,1 Rswlpdo g|qdplf door0
fdwlrq ri wuhdwphqw dqg hqirufhphqw lq loolflw guxj frqwuro1 Rshudwlrqv Uhvhdufk/
7</ 68506951

Wvxwvxl/ V1/ )Plqr/ N1 +4<<3,1 Qrq0olqhdu vwudwhjlhv lq g|qdplf frpshwlwlrq
zlwk vwlfn| sulfhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 85/ 46904941

Zdjhqhu/ I1 R1 R1 +5336,1 Vnled srlqwv dqg khwhurfolqlf elixufdwlrqv/ zlwk
dssolfdwlrqv wr wkh vkdoorz odnh v|vwhp1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg
Frqwuro/ 5:/ 4866048941

Zluo/ I1 +4<<7,1 Wkh Udpvh| prgho uhylvlwhg 0 wkh rswlpdolw| ri f|folfdo
frqvxpswlrq dqg jurzwk1 Mrxuqdo ri Hfrqrplfv/ 93/ ;40<;1

Zluo/ I1 +5336,1 Vxvwdlqdeoh jurzwk/ uhqhzdeoh uhvrxufhv dqg srooxwlrq=
Wkuhvkrogv dqg f|fohv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ iruwkfrp0
lqj1

Zluo/ I1/ Ihlfkwlqjhu/ J1/ Gdzlg/ K1/ ) Qrydn/ D1 +4<<:,1 Fruuxswlrq lq
ghprfudwlf v|vwhpv= D gl�huhqwldo jdph ehwzhhq srolwlfldqv dqg wkh suhvv1 Lq=
K1 J1 Qdwnh dqg \1 Ehq0Kdlp +hgv,/ Xqfhuwdlqw|= Prghov dqg Phdvxuhv +ss
4570469,1 Ehuolq= Dndghplh Yhuodj1
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[lh/ G1 +4<<7,1 Glyhujhqfh lq hfrqrplf shuirupdqfh= Wudqvlwlrqdo g|qdplfv
zlwk pxowlsoh htxloleuld1 Mrxuqdo ri Hfrqrplf Wkhru|/ 96/ <:04451
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